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Prerequisites - what do participants know?

topological spaces

- Hausdorff

- second countable

- basis of topology

- compact subset

diffential calculus in many variables

- differentiability, partial derivatives

- Schwarz Lemma

- implicit function theorem

- submanifolds

DGL



- vector fields on R
- existence, uniqueness
- dependence of parameters and initial conditions

- flows

tensor algebra for vector spaces
-Vew

- S3(V)

- A3V

- 50(n),

differential forms
- de Rahm

- integration of Stokes?

mathematical language
- category
- functor

- cartesian product

physics:
- lagrange and Hamilton formalism for classical mechanics

- electro-magnetism, Maxwell

2 Smooth manifolds

2.1 Topological and smooth manifolds manifolds
2.1.1 Topological notions

M - topological space:



consider following conditions:

- Hausdorff
— unicity of limits
Example 2.1. A non-Hausdorff space

form push-out

(700’0) incl R

|

R——M

every x > 0 gives rise to z4 and z_ in M

- (1), has two limits 04 and 0_

- 04+ and 0_ can not be separated by opens
-M is not Hausdorff

- but locally homeomorphic to R

- regular

— can separate points from closed subsets

- paracompact: Every covering U = (U;);er of M has locally finite subcovering

—locally finite: Every m in M admits open nbhd m € U C M such that {i € I | UNU; # 0}

is finite.
— this is stronger then to require: {i € I | z € U;} is finite for every z

— paracompact implies existence of continuous partitions of unity

- second countable: M has a countable base of topology.

— can work with sequences instead of nets in order to define closures or check continuity of

functions



—if M is locally compact and second countable, then it admits an exhaustion by compact

subsets

Example 2.2. a (non)second countable space

|l;c; R is second countable if and only if I is countable. O

Proposition 2.3 (Urysohn’s metrization theorem). The following conditions on M are

equivalent:

1. M is paracompact, second-countable reqular space.

2. M is metrizable.

will combine paracompact, second-countable regular by saying metrizable

2.1.2 Locally euclidean spaces and topological manifolds

general principle: some conditions holds locally, if every point admits a nbhd on which this

condition holds
call the spaces R for n > 0 euclidean spaces

M - a topological space

Definition 2.4. M is locally euclidean if every m in M admits an open nbhd m € U C M

such that U is homeomorphic to an euclidean space.
Example 2.5. R" is locally euclidean: take R™ as neigbourhood. O
Lemma 2.6. An open subset of R™ is is locally euclidean.

Proof. V. C R"™ open

- can not take R"

zeV CR"



- choose € > 0 such that U := B(x,e) C V (open ball)

- there exists homeomorphism B(z,¢e) — R"

~y = oy — [y — )

— ¢ :10,€) = [0,00) continuous, monotoneous surjective, e.g. t ﬁ

M - locally euclidean, m € M,
- ¢ : U = R™ homeomorphism for neighbourhood U of m

- define the dimension of M at m by dim,, (M) :=n

Proposition 2.7. For every point m in M the number dim,, (M) is well-defined.

Proof. must show that it does not depend on choice of homeomorphism

- ¢/ : U’ — R" a second choice

- get homeomorphism ¢'¢~! : ¢(U NU’) — ¢'(U NU’) between opens of euclidean spaces
- apply

Theorem 2.8 (invariance of the dimension). If an open subset of R™ is homeomorphic to

an open subset of R™ , then n = n'

- this is usually shown in an algebraic topology course using homology

Corollary 2.9. The function m — dim,, (M) is locally constant.

if it is constant, then its value is called the dimension of M

Definition 2.10. M is a topological manifold if if is metrizable and locally euclidean.

Definition 2.11. A morphism between topological manifolds is just a continuous map.



get category Mf™P of topological manifolds and continuous maps

- it is not easy to provide examples of topological manifolds which do not come from smooth

ones

- therefore no specific examples here

2.1.3 Smooth manifolds

M - topological manifold

- a smooth structure on M is an additional datum

- a topological chart is pair (U, ¢) of
— U C M open

— ¢ : U — R" (for some n) homeomorphism on image

_ Atop .— {(U, )} - set of topopogical charts

- since M is topological manifold: U(U7 syearor U =M

Definition 2.12. A subset A of AP is an atlas if U(U,¢)6AU =M.

- (U7 d)), (Ulv ¢/) € Atop
- define transition function: ¢'¢=!: ¢(UNU") = ¢ (UNT’)

- is homeomorphism between open subsets of euclidean spaces by construction

Definition 2.13. A subset A of AP is called smooth if all transition functions between

charts in A are smooth.

Note that atlasses on M from a poset w.r.t. inclusion
Definition 2.14. A smooth structure on M is a mazimal smooth atlas.

Lemma 2.15. Every smooth atlas is contained in a uniquely determined mazximal one.



Proof. A - smooth atlas

Existence:

- call (U, ¢) in A*P compatible with A if AU {(U,¢)} is compatible

- show: if A’ is smooth, A C A" and (U, ¢) compatible with A, then also with A’
— must check that ¢’¢~! is smooth for all (U’, ¢') € A’

— consider m e UNU’

— consider chart (V,4) in A at m

— factorize as (¢'¢p~1)(v¢p~1) - is defined near ¢(m)

— get smoothness of ¢/¢p~! near m

- let A consist of all (U, ¢) which are compatible with A
- conclude: A is smooth atlas

— A is maximal, since it already contains all charts which could possibly added

unicity:
- let A’ is any maximal smooth atlas containing A
- then A’ U A is smooth

— by maximality conclude A = A’ O

we say that A generates the smooth structure A

Definition 2.16. A smooth manifold is a pair (M, A) of a topological manifold with a

smooth structure.

- we use maximal atlas in order to have a good notion of equality of manifolds

- in order to describe a manifold it suffices to provide any generating smooth atlas

Definition 2.17. A smooth map between smooth manifolds (M, A) — (M', A’) is a con-
tinuous map such that composition ¢ f¢=' : ¢(f~H(U')NU) — ¢'(U') is smooth for every
pair of charts (U,¢) € A and (U',¢') € A'.

Remark 2.18. It suffices to check the condition on f for charts in generating atlasses.



Exercise! a
get category Mf of smooth manifolds and smooth maps
have forgetful functor Mf — MFf'oP

Example 2.19.

R™

- generating atlas (R”,idgn)
any open subset U C R"

- generating atlas (U, U — R™)

morphisms between these examples are smooth maps in the usual sense

Example 2.20. open subsets of smooth manifolds are smooth manifolds O

M - smooth manifold

Definition 2.21. A smooth function on M is a morphism M — R.

- the smooth functions on M form the R-algebra C°°(M)

Definition 2.22. A curve in M is a morphism ~ : I — M with I an open interval in R.

2.2 Examples and constructions of smooth manifolds
2.2.1 Regular submanifolds

U C R" open

g : U — R* smooth

win U

- have differential dg(u) : R* — R¥ linear map

Definition 2.23. g is reqular in u if dg(u) is surjective.

10



consider subspace M C R"

- is a metrizable topological space

Definition 2.24. M is a regular if for every m in M there exists a neighbourhood U of m
and a smooth function g : U — R* such that M NU = g~'(0) and g is reqular at M.

call g a defining function of M at m
- set 1), M := ker(dg(m)) - linear subspace fo R"

Remark 2.25. T,, M does note depend on choice of defining function g of M at m

Exercise! O

Theorem 2.26 (Implizit function theorem). There exist open neigbourhoods 0 € V C
TwM and m € U' C U such that:

1. For every v in'V there exists a unique point 1p(v) in T M+ such that v +(v)+m e
MNU'.

2. ¢V = T,,M~* is smooth.

the map V 3 v — v+ ¢(v) + m e W := U’ N M homeomorphism.

- inverse: W 3 ¢(z) := x = prp, a1 (z —m)

take A := {(W, ¢)} - set of all charts defined in this way
- domains cover M

Corollary 2.27. M is topological manifold.
Proposition 2.28. A is a smooth atlas.

Proof. is an atlas by construction

- A is a smooth:

- consider transition function

v ¢'p~H(v) = prl, L (v +(v) +m —m') - this map is obviously smooth O

11



Definition 2.29. Call M with the smooth manifold structure constructed above a regular

submanifold

note that dim,, (M) =n — k (when g : U — R* is defining at m)

Example 2.30. detection of smooth maps into and from a regular submanifold
f: N —= M is smooth iff f: N - M — R" is smooth
f: M — N is smooth if it extends to a smooth function f : R™ — N

Exercise!

2.2.2 Explicit examples of regular submanifolds

S C R**! defined by f(z) = ||z]|*> —r

the following examples have group structures
GL,(R) C R™ - open subset

SL,(R) C R - defined by A — det(A4) — 1

O( ) C R"” - defined by A — A'A € S2(RM)=R™ =z

(n+1)

n(n—1
, dim(O(n)) = ™n-l)
)Q O(n) open
U(n) C R - defined by A — A*A € {hermitean matrices} = R+ dim(U(n)) = n?

2.2.3 Cartesian products

Proposition 2.31. The category Mf admits cartesian products.

Proof. M, M' € Mf
- consider topological space M x M’
- is topological manifold

— a product of metrizable spaces is metrizable (take product metric)

- M x M’ is locally euclidean
—(m,m') e M x M’

12



— (U, ¢) chart at m, (U, ¢') chart at m/
—(UxU' ¢ x¢) is a chart of M x M at (m, m')

— call this chart product chart

define smooth structure on M x M’ as generated by product charts of charts of the smooth

structures

- check: this is compatible atlas

check
p:Mx M — Mand p' : M x M' — M’ are smooth

- check smoothness using product charts in domain

- use ¢1p(do x @)1 = ¢1¢51

check that (M x M’ p,p’) satisfies the universal property

Hompge (N, M x M) %) Hompge (N, M) x Hompge(N, M)
is bijection
- injective:
— is clear since we have cartesian products of underlying sets
- surjective:
~f:N—M, f': N— M given

-fxf': N—= M x M is continuous (since work with cartesian product in topological

spaces)

- check smoothness using product charts:

—(¢1 X S (F x f) (o x ¢h) ™' = (d1fdy ", &1 f'ég ) is smooth

Example 2.32. R” x R" 2 R"""" (as manifolds)

St x ... x S =:T™ (n factors) is called the n-torus

13



M C R™ regular, M’ C R™ regular, then M x M’ C R"*" is regular O

2.2.4 Lie groups

existence of cartesian products in a category = can talk about groups in this category:
general:

- C category with cartesian products

- % - empty cartesian product

—prgix x C = € - will often be used implicitly

idea: write group axioms in terms of diagrams of maps

Definition 2.33. A group in C is a triple (C,pu: C x C — Cye: x — C) such that

id
CxCxt #xido) CxC (associativity)
lu(idc X 1) Jﬂ
CxC—"t—sC
exido ido xe .
C 250 x EE ¢ unit
“w
C
idc, . . .
commute and the shear map s : C x C ¢ £>”) C x C is an isomorphism.

. ideo x -1 pr
- shear maps s encodes inverses I : C S °CxCs CxC = C

— advantage of using shear map: being a group is a property of (C, u,e) - no additional

datum required

groups in Set are usual groups

groups in Top are topological groups

specialize to Mf
in Mf: « = RO

14



- Hom(*, M) = underlying set of M

Definition 2.34. A group in Mf is called a Lie group.

Example 2.35. GL(n,R), SL(n,R), O(n), SO(n), U(n), all with matrix multiplication,
are Lie groups and unit given by identity matrix (interpreted as map x — M)

- matrix multiplication End(R") x End(R"™) — End(R") is smooth and associative, com-

patible with identity relation

- restricts to the structures on the submanifolds

- shear map is an isomorphism:

— use that A — A~! is smooth on GL(n,R)

— either by formula involving determinants of adjuncts
— or by inverse function theorem

— inverse of shear map (A, B) — (A4, AB) is (A, B) + (A, A7'B)

Example 2.36. R" with + is a Lie group O

1

if G is Lie group, then I : G — G, g — g~ is smooth

actions:

general: C - category with cartesian products
- (G, p,e) a group in C

- C an object

Definition 2.37. An action of G on C is a map a: G x C — C such that

id o
GxGxCZGxC associativity

lux ide la

Gx(C—2% C

15



and

C——GxC unit
la
id¢
C
commute.
Example 2.38. G acts on itself with a = p a

Example 2.39. in Mf:
GL(n,R) acts on R" by matrix multiplication

O(n) acts on S* ! O

2.3 Tangent vectors

idea:

- a tangent vector on a manifold M at m is a direction of an infinitesimal curve starting

at m
- can consider the derivative of functions in this direction
- axiomatization of the properties of this derivative = notion of a derivation

- will turn this idea up-side-down and use derivations in order to to define tangent vectors

2.3.1 Derivations
- k - a field
- consider commutative unital k-Algebras (e.g. k)

Definition 2.40. An augmented k-algebra is a pair (A, e) of a k-algebra A with a homo-
morphism e : A — k.

A homomorphism of augmented k-algebras ¢ : (A,e) — (A',€’) is a homomorphism of
k-algebras ¢ : A — A’ such that €'¢ = e.

Example 2.41. M a manifold

min M

16



- C®(M) - is a R-algebra

- evy, : C°(M) — R given by evy,(f) := f(m) is an augmentation

F : M — M’ smooth map of manifolds,
-m’ = F(m)
- get homomorphism F* : (C*°(M’),ev,,) — (C*®° (M), ev,,) of augmented R-algebras

(A, e) - augmented k-algebra

Definition 2.42. A derivation of (A,e) is a k-linear map X : A — k such that for all a,b
in A we have X (ab) = X (a)e(b) + e(a)X(b).

write Der(A, e) for k-vector space of derivations of (A, e)

Example 2.43. partial derivatives are derivations

consider C*°(R") with augmentation evg

ieN

- 0;(0) : C*°(R™) — R given by f — (9;f)(0) is a derivation O
Example 2.44. derivations annihilate constants

(A, e) - augmented k-algebra

for X in Der(A4,e)

- we have X (14) =0:

~ X (1) = X(13) = 2X (1a)e(1a) = 2X (14)

unit: k — A, A— Ay

- these elements are called the constants

-e(Alg) = A

- by linearity: X(A\14) =0 O

consider homomorphism ¢ : (A,e) — (A’,€’) of augmented k-algebras

17



it induces a homomorphism
Der(¢) : Der(A’,e’) — Der(A, e) given by Der(¢)(X)(a) := X(¢(a))
- check:

Der(¢)(X)(ab) = X(¢(ab)) = X(d(a))e(4(0)) + €'(¢(a)) X (4(b))
Der(¢)(X)(a)e(b) + e(a)Der(4)(X)(b)

- Der is contravariant functor from augemented k-algebras to k-vector spaces

M - a manifold
-min M
- consider poset U,,, of open neighbourhoods of M

- for U C V in U, get restriction map (C*°(V), ev,,) = (C®(U), evy,)

Definition 2.45. The augmented R-algebra of germs at m of smooth functions on M is

defined by (Cpy (M), evy,) := colimycyer (C(U), evyy) in augmented R-algebras.

we will work with the following explicit description:

- an element of C5Y(M) is represented by a pair (V, f) of V € Uy, and f € C®°(M)
- if U €V in Up, then (U, fiiy) represents the same element

for the moment we write [V, f] for the element represented by (V, f)

- the algebra structure is defined as follows:

-V AV ST = VOV fvave + Mlvay]

-V VL P =V VY fvave flvav]

Check: well-definedess

augmentation ev,, : Coo (M) — R: ev,([V, f]) = f(m)
Check: well-definedess

properties

18



1. C®(M) = CX (M), f— [M, f] is surjective
Exercise!
2. me U C M open:
- restriction Co°(M) — C°(U) is isomorphism preserving augmentation
Exercise!
3. UC M open, m e U,
U’ C M’ open, ¢ : U — U’ isomorphism
- " (O (U"),evgimy) = (Cr(U),evpy,) is isomorphism

$(m)
Exercise!

from now on instead of [U, f] write f (the precise domain of f is irrelevant)

n := dim(M)

- conclude using a chart with ¢p(m) = 0: (Co (M), evy,) = (C§°(R™), evy)
Example 2.46. have derivation 9;(0) : C§°(R"™) is defined by 9;(0)(f) := (9:f)(0)
Check: is well-defined

Proposition 2.47. The derivations (0;(0))i=1,...n form a basis of Der(C§°(R"), evy).

Proof.

(05(0))i=1,....n is linearly independent:
- assume that > ;" ; A;0;(0) =0

— for every j:

— 0= (2 Xidi(0)(27) = Yo Xi(@ia? ) jgmg = Nj

(0i(0))i=1,...n spans:

- X in Der(Cg°(R™)) given
—set p; == X (z%)

—-setY = Z?Zl 1:0;(0)

19



- we will show that X =Y
— consider f € Cy(R™)

— Taylor: there exists g; € C§°(R") with g;(0) = 0 such that

F=F0)+>@N0)" + " 'y,
=1 =1

calculate:

n

X(f) = X(f0)+XOQ_(0:)0)2") + XD a'gi)
i=1 i=1

= > (30X (2") + Z(X(wi)gi(O) +2'(0)X(g")

M smooth, m € M
Corollary 2.48. dim,, (M) = dim Der(Cy0 (M), ev,y,).
Example 2.49. consider germs of continuous functions Cj(R™)

- then Der(Cp(R™),evp) =0

— consider X in Der(Cy(R™), evp)

— f € Cy(R)
~g:=3Vf—f(0) € Co(R"™)
~[=f0)+g°

- X(f) = X(f(0)) + X(g°) = 0+ 39(0)>X(9) = 0

20



this shows: the concept of tangent space using derivations does not extend to topological

manifolds

2.3.2 Tangent vectors

Definition 2.50. The vector space T,, M := Der(C° (M), evy,) is called the tangent space
of M at m. Its dual T7¥ M s called the cotangent space of M at m.

min M

- dim T M = dimy, (M) = dim T M
feCr(M)
- defines element df (m) € Ty M by df (m)(X) := X(f) for all X in T,,M

Definition 2.51. df(m) € T} M is called the derivative of f at m.

note Leibnitz rule:

d(ff")(m) = df (m) f'(m) + f(m)df'(m)

- verification:

d(ff)(m)(X) = X(£f') = X(£)f (m) + f(m)X(f') = df (m)(X) f'(m) + f(m)df’ (m)(X)

(U, ¢) - a chart

Definition 2.52. The components ° : U — R of ¢ (i.e., ¢ = (z},...,2™)) are called the

coordinate functions on U associated to ¢.

Corollary 2.53. (dz'(m))i=1,..n is a basis of T, M

we let (0;(m))i=1,..,
“ies 9i(m)(a?) = 67

n be the dual basis of T}, M

21



- every tangent vector X in T, M can uniquely be written as X = Y1 | p;0;(m)
— must set y; := X (%)
- note: these bases of T;,, M and T); M depend on the choice of the chart (U, ¢)

F: M — M' morphism of manifolds
set m’ := F(m)
- get Frr o (Co5(M),evyy) = (O (M), evy,) - pull-back

- homomorphism of augmented R-algebras

Definition 2.54. The differential of F' at m is the linear map TF(m) := Der(F}) :
Ty M — Ty M.

- often also denoted by dF(m) or DF(m)
- explicitly: for X € T,,M the derivation TF(m)(X)(f) := X(E},f)
- note: F' must only be defined near m in order to get T'F(m)

- observe chain rule: for F/ : M’ — M":

T(F'F)(m) = TF'(F(m))TF(m) : TpnM — Ty M"

Exercise!

fe (M)

df (m) = can o df (m)
F:M — M, F(m')=m
chain rule implies:

Lemma 2.55. We have d(F*f)(m') = df (m)TF(m')

Proof. for X' in T, M’

22



d(F*f)(m)(X") = X'(F*f)
= TFm)(X")(f)
= df(m)TF(m')(X’)

V - f.d. vector space
-vinV

- as a consequence of Proposition

o)

Corollary 2.56. We have a canonical identification can : V = T,V which sends X in V
to the derivation f %uzof(v +tX).

we often do not write can in formulas, be careful

consider map Ly, : V — V, L, (v) := v+ w - translation by w

- this commutes:

Vv Vv
_J dLy (v) _‘L
TV TyiwV

2.3.3 Change of coordinates

(U, ¢) - a chart of M at m
can consider ¢ as isomorphism ¢ : U — ¢(U)
- get isomorphism T'¢(m) : T, M — T,y R™ = R™ (canonical iso implicitly used)

— characterized by T'¢(m)(0;(m)) = e; (standard basis vector) for all 4

- (U, ¢") second chart

23



- have T(¢'¢~1)(¢(m)) € GL(n,R)
— Jacobi matrix of ¢’¢ 1 at ¢(m)

— chain rule for ¢/ = (¢'¢~') o ¢ says:

Corollary 2.57.

T, M
T¢V T¢'(m)
ra—1 m
g IO S

denote charts by ¢ instead of (U, ¢)

set pys(m) == T(¢'¢~")(¢(m))

- is smooth function U NU" — GL(n,R")

- satisfy the cocyle relations:

“ P =1

— P P = Po.6 (Product in GL(n,R), on UNU' NU"))

— a consequence: p;,l s = Po, (inverse in GL(n, R)

2.3.4 geometric tangent vectors at regular submanifolds

M C R" - regular submanifold
- define T3 °™ M := ker(dg(m)) for defining function g of M at m

- call this geometric tangent space

a curve in M at m is a curve v : I — M with 0 € I and v(0) =m

- interpret (0¢);—o as vector in R"

Lemma 2.58. For every X in T3, M there ewists a curve v in M at m such that

(O =0y = X

Proof. apply Implicit Function Theorem [2.26]

get
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- suitable neighbourhood of 0 € V' C T3 M

-map ¢ : V — T,,, M+ such that v 4 ¥(v) + m is parametrization of M near m

claim: dy(0) =0
- g(v+ ¥ (v) +m) =0 implies
—dr,,mg(m) + dpm prg(m)dy(0) = 0

— dypm . g(m)d(0) = 0 since dp, prg(m) = 0 by definition of T, M

(m
— dpmpsLg(m) is isomorphism by regularity of g at m

— conclude di(0) =0

- define y(t) :==tX +¢Y(tX)+m

- then
(O oy = X + dY(0)(X) = X

M manifold, m in M (not necessarily submanifold)
- a curve v in M at m induces a tangent vector v'(0) := T(01(0)) € T,,, M

Proposition 2.59. There is an isomorphism T " M = T,, M uniquely determined by the
condition that (Of)j—oy 4s sent to ~'(0) for any curve in M at m.

Proof. observe:

- if 70,71 are two curves in M at m and (9;)j;=0Y0 = (0¢)j1=071, then also 74(0) = ~1(0).
- feC®(M)

— has smooth extension f to nbhd

— chain rule

—7=7%M

—df (m)(v/(0)) = 10)(f7) = g —o/ (V) = G _o S V(1) = dF (M) ((O)j=07:)

— use: definition of derivative df (m), definition of partial derivative d;(0), that f extends

f, and classical chain rule for functions between euclidean spaces
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— implies df (75(0)) = df (71(0))

— f arbitrary (note that C*°(M) — Cg2(M) is surjective): ~,(0) = ~1(0)

define map & : Tiy, "M — Ty, M such that it sends X in 75" M to 7/(0) for any curve
in M at m with (9;)—oy = X

- formula: k(X)(f) = df(m)(X)

- is linear in X, hence k is linear

K is isomorphism:
- progeom 2 M — T M - orthogonal projection
- calculate: TpI‘T;gneomM(m)(/i(X)) = (at)|t:0prT§LeomM(tX + Qb(tX) + m) =X

for dimension reasons x and T'prygeom,(m) are inverse to each other

2.3.5 Discussion

fe = (M)

- get m— df(m) € Ty M

- want to say that this depends smoothly on m
— how?

form set T*M := | |,,cps T M

- have canonical map p: T*M — M

- want to interpret df as a map df : M — T*M, m +— df (m) such that pdf = idys

T*M
27
P
M——=M

must equip T*M with a suitable manifold structure
consider family of derivations X = (X (m))menrr, X(m) € T,,, M
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- say: X is a smooth vector field if m — X (m)(f) is smooth for every f in C>°(M)
— how can one formulate this in terms of the family X alone?

form set TM := | |,,cps T M

-have mapp: TM — M

- interpret X as map
>
p
M=M
- must equip T'M with manifold structure

Example 2.60. T8°™M as regular submanifold
M C R"™ - regular submanifold

- define T8°™M =, .5 {m} x TH" M C R*" - just a subset

Lemma 2.61. 7™M is a regular submanifold.

Proof. construct local defining functions

(m, X) € Te™ M

- g on U defining function of M near m

~(g,dg) : (x,&) = (g(m),dg(m)(§)) defines T5°™ M on U x R™

— check regularity:

B dg(m) 0
_d(g’dg)(m,X) - < d2g(m)(X7_) dg(m) >

- is surjective since dg(m) is so

2.4 Fibre bundles
2.4.1 Bundles and bundle morphisms

B a manifold (the base)
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F' - a manifold (typical fibre)

Definition 2.62. A fibre bundle over B with typical fibre F' is a smooth map w: M — B

such that there exists:

1. (Uy)a - an open covering of B

2. a collection of diffeomorphisms g : 71 (Uy) — Uy X F (called local trivializations)

such that
Uo x F <2 m= 1) "y p
U, U, ind 5
commutes.

Example 2.63. the trivial bundle pr: Bx ' — B

- local trivialization is ¢ = idgx r defined on all of B O

later: TM — M and T*M — M will be fibre bundles with typical fibre R™

Definition 2.64. A morphism of fibre bundles is a commutative square

M—sM .

||

B—— B

If the lower map is idp, then we call this a morphism of fibre bundles over B.

2.4.2 Fibre bundles and cocycles

write Uy g := Uy NUg

the local trivializations determine maps (of sets) po g : Usg — Autme(F) such that the

following map is smooth
Uag X F = Uag X F . thatby ' (u, ) = (u, pas(u)(f))

- we have cocycle condition
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- pa,ﬂpﬁﬁ = pOé,’)/ on Ua7677 for al]' a76”y

~ Pa,a = ldF

vice versa: a smooth cocycle is a family p = (pa,g) of maps pa g : Us,g — Autme(F') such
that

- (u, f) = (u, pa,g(u)(f)) is smooth
- cocyle conditions are satified

want to construct fibre bundles from cocycles

Example 2.65. B - a manifold of dimension n

F=R"

A - the smooth structure of B
- gives covering by domains of smooth charts (U, ¢)
- get cocyle with values in GL(n,R) C Autpe(R™):  pyr g i=T(¢'d1)o

the fibre bundle constructed from this data is the tangent bundle T'B of B

could consider new cocycle (A3 (p:gl))aﬁ with values in Aut(A3R™*)
- associated fibre bundle is bundle of 3-forms A®T*B — B

d

Construction 2.66. start with the construction of 7 : M — B from the following data:
- (Uy)a an open covering of B

- a smooth cocycle p = (pa,g) with values in Autne(F)

underlying set of M:

M:=||UsxF/~
aEA

- thereby (u, f) € Uy x F and (v/, f') € Uy x F are equivalent if u = v’ and f' = py o(u)f

- is equivalence relation by cocycle condition (check)
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- write points in M as [u, f]a

m: M — B sends [u, f], to u
- check: is well-defined

local trivializations:

- [u’f]oz = (u7f)
- check well-defineness:
— for every a: the map Uy X F' 3 (u, f) — [u, flo € M is injective

— this follows since p, g has values in automorphisms

check:
Uo x F <2 p- 1) 2 s p
pr J .
Ua Ua incl B
commutes
check:

Yoty (u, f) = (t, pa,s(u)(f))

define topology on M: minimal such that all ¢, are continuous

- by definition: h : X — M continuous if ¥, h is continuous for all «
claim: 1, is a homeomorphism

- 1 is bijective amd continuous

- remains to show that ¢! is continuous

— this follows from: g1, 1is continuous for all 8

Lemma 2.67. f: M — X continuous if fi;! is continuous for all o
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Proof. = clear

=
U open in X

- must check that f~1(U) is open in M

- consider m € f~1(U)

— chose a s.t. m € 7~ 1(U,)

- since fi; ! is continuous there is open nbhd V' of 1/, (m) such that f(y;1(V)) C U
- then 1, 1(V) is open nbhd of m in f~1(U)

conclude: f~1(U) is open

7 1S continuous:

- use Trwgl =pr: U, x F — U, is continuous for all «

M is Hausdorff

-m 75 m/

it () # w(m)

— use B is Hausdorff: find open V.V’ in B with: 7(m) € V, n#(m/) e V/, VNV' =1

— then 771(V) and 7=(V’) separate m and m’

—if w(m) = m(m') € Ua, Ya(m) = (u, f), Ya(m') = (u, ['), [ # [’

— use that F' is Hausdorff: find opens W, W' in F with f € W, ff e W and WNW' =
— then ¢, 1 (U, x W) and ;1 (U, x W') separate m and m’

M is locally euclidean: M is locally a product of topological manifolds

M is second countable:
- can cover B by a countable subcover of the given cover

- F is second countable
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Proposition 2.68. A second countable locally euclidean Hausdorff space is reqular and

paracompact, hence a topological manifold.

Exercise: find proof by google

smooth structure:

for every chart (U, ¢) of B and chart (W, k) of F define chart (¢, £)tbq : Y5 L (UNU)xW) —
d(UNUy) x k(W)

- these from an atlas

- transition functions are smooth

— given by (z,v) = (¢'¢7 (@), K (p(¢™ ! (2)) (k71 (v))))
equip M with smooth structure generated by this atlas
1o is smooth by construction

- check: 7 is smooth O

2.4.3 Sections

Definition 2.69. The set of sections of a fibre bundle is defined by

I'(B,M) := {s € Homp¢ (B, M) | s = idp}

L

we now describe sections in terms of the trivializations

consider section s € I'(B, M)

- get family (sq) with so := prptof : Uy — F

- (8a) satisfies: for all o, B: pag(u)(fs(u)) = fa(u) for all u in U, g

— we say that (s,) is compatible



Lemma 2.70. There is a bijection between the sets:

1. T(B, M)

2. compatible familes (sq)

Proof. s € I'(B, M) given:
- get compatible family (s,) by

— Sq = Prp¥qas

compatible family (s, ) given

- define s € T'(B, M) by

— b [b,8a(b)]a for any a with b € U,

— check using compatibility relation: does not depend on choice of «

— check: s is smooth

check: these constructions are inverse to each other

Example 2.71. pr: M xR = R
(M, M x R) =2 C®(M)

s+ (m > prrs(m))

fr= (mo= (m, f(m))

Example 2.72. - associated to cocycle (AT (¢'¢p~1)~1%)¢:
(M) := D(M, A"T* M)

- n-forms on M

have map d : (M) — Q' (M)

- describe locally:

- e (dfy)

dfy = d(fe )¢ U — R

33



— check:

dfy = d(f6" )¢ = d(f6™" 66" )¢ = d(f6™" 00T (66" )¢ = T(¢/6™ )"~ pld(f6™")0) = T(¢/6™) sy

2.4.4 Vector bundles and dual bundles

in case the typical fibre of a bundle has an additional structure which is preserved by the

values of cocycle the total space of the bundle has a corresponding structure
a vector bundle is a fibre bundle with a vector bundle structure on fibres
V - vector space

Definition 2.73. A vector bundle with typical V' over B is a fibre bundle w: E — B with
typical fibre V' together with vector space structures on the fibres Ey such that there exists
a cover of B by local trivializations (1,,) which are fibrewise vector space isomorphisms.

Vector bundle morphisms are bundle morphisms which are fibrewise linear.

the associated cocyle to such a trivialization p, g takes values in GL(V') - the linear auto-
morphisms of V

vice versa:

- assume that cocycle has values in GL(V)

- define linear structure on Ej as follows:

— chose o with b € U,

— define structures by [u, v]q + Alu, v']q == [u, v + A'],

— this is well-defined since cocyle is linear

— by construction: E — B is a vector bundle

FE — B - a vector bundle
-I'(B, E) becomes C*°(B)-module
— 5,8 two sections

— define: (s+ §')(b) := s(b) + s'(b)
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— define: fs(b) := f(b)s(b)
— show that the operations produce again smooth sections:

— calculate for local sections: s+ fs’ is represented by (s, + f5),)a - has smooth members

7w : E — B - vector bundle, e € E, b := 7(e)
Lemma 2.74. 1. There exists a section s in I'(B, E) with s(b) = e

2. If s € I'(B, E) satisfies s(b) = 0, then there exists a finite family of sections (t;) in
I'(B, E) and a finite family (f;) in C*°(B) such that fi(b) = 0 for alli and s =), fit;

the point in 1. is: the section exists globally!

Proof. 1.

choose local trivialization ¢ : 7= 1(U) — U x V

- (b,v) :=1(e)

- choose x € C°(U) with x(b) =1
(b x(bv) beU

- define s € I'(B, M) by: b+
0 else

2.

- (v;) basis of V

- (v") dual basis of V*

s si(u) = v (pry (Y (w)s(u) : U — R
— 4th component of s in trivialization

— vanishes at b and is compactly supported on U

- Taylor
— there is decomposition s' = > i1 f;gm = with f; € C*(U) and f;(b) =0 (n =dim; B)
- define " : U — E by: t%9(u) := ¢~ (u, x(u) g™ (u)v;)

—extend by zero to all of B
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- have s = (1 — x?)s + Do f;ti’j

dual bundle of a vector bundle 7 : E — B:

- define set E* := | |, 5 £}

- have projection n* : E* — B

- Y (U) = UxV

-t HU) - U x V*

= P*(e*) = (r¥(e), (v e (¥ (w,0))))

—if (pa,s) - GL(V)-valued cocycle for E, then (pz;gl) is GL(V*)-valued cocycle for E*

- get topology and smooth structure on E* such that 7#* : E* — B is vector bundle

Definition 2.75. 7* : E* — is called the dual bundle of 71 : E — B.

this works for other functors of tensor algebra as well
-e.g. Vi S2(VF)

— yields bundle of symmetric bilinear forms E?(E*) — B

have pairing (—, —) : I'(B, E) X¢eo(p) I'(B, E*) — C*°(B)
-s® k= k(b)(s(b))
- check smoothness

Proposition 2.76. The pairing induces an isomorphism of C°°(B)-modules
F(Ba E*) = HomCOO(B)(F(Ba E)a COO(B)) :

Proof. k in I'(B, E*)
- get & € Homeeo (g ([(B, E),C*°(B)) by: &(s)(b) := x(b)(s(b))
- k(fs)(b) = k(b)(f(b)s(b)) = f(b)k(s)(b) shows C*°(B)-linearity

k& in Homgeo () (I'(B, E), C*(B))

36



- define k in I'(B, E*) as follows:

-beB

— define k(b) : E — R such that:

— k(b)(e) = k(s)(b), s any section of E with s(b) =e
— well-defined: s’ second section

— s— s =3, fitifor sections ¢; with f;(b) =0

— A()(0) = R(s)(b) = X fi(b)r(t:) = 0

check smoothness of
check that these constructions are inverse to each other

check C*°(B)-linearity of isomorphism

se'(M,E")
- define §: E — R by 5(e) := s(w(e))(e)
- is fibrewise linear

- 052 (E,R) € C*(E, R) functions which are fibrewise linear

Lemma 2.77. We have a bijection s — § between I'(M, E*) and C, (E,R).
Proof. 5 € C}2,, (E,R)

- define s(b) such that s(b)(e) = 5(e) for all e € Ej,.

Example 2.78. T*M is the dual bundle of TX
- Q'(M) = Homgee (ar) (X (M), C(M))

2.4.5 Principal bundles

G - a Lie group
m: M — B
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a fibrewise right action of G on M is a right action M x G — M such that

(m,g)—mg

M x G M

M}r
B

Definition 2.79. A G-principal bundle over B is a fibre bundle w : M — B with typical
fibre G together with a fibre-wise right G-action on M such that there exists a cover of B

commutes

by local trivializations (1) with 1 : 71 (Us) — Us X G which is G-equivariant. Principal

bundle morphisms are bundle morphisms which are G-equivariant.

- the associated cocyle has values in right-G-equivariant maps G — G

- a right G-equivariant map p : G — G is given by left-multiplication with p(e)
- hence the coycle p, s has values in G (which acts on G by left multiplication)
vice versa:

- given a G-valued cocycle the associated fibre bunde is a G-principal bundle

— we define the G-action by [u, g]oh = [u, ghla.

assume that M — B is a G-principal bundle

- assume that there exists a section s € I'(B, M)

- then we define smooth map B x G — M, (b, g) — s(b)g
— is a bijection

— inverse is smooth (check in trivializations)

— 80 : Uy — G

—(u,9) = sa(u)g

— inverse (u, h) — (u, sq(u)"1h)

Corollary 2.80. There is a bijection between I'(B, M) and G-equivariant bundle isomor-
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phisms

vM

Corollary 2.81. A G-principal bundle is trivial if and only if it has a section.

Example 2.82. The map S' — S! given by z — 2" is a C,-principal bundle. It is not

trivial. O

2.4.6 Frame bundles and associated vector bundles

m: E — B - a vector bundle with typical fibre V'

- get associated frame bundle Fr(F) — B

— a frame of Fj is an isomorphism s: V — E

— the underlying set of Fr(FE) is the set of frames of the fibres of E

— the projection p : Fr(E) — B sends the frames of the fibre Ej to b

- the group GL(V) acts from the right on Fr(E) by precomposition: (s,g) +— sog

- in order to define manifold structure find local trivializations and observe that cocycle is

smooth

— choose ¥, : 71 (U,) — Uy x V local trivialization for F

- get Wo 1 p~ ' (Ua) = Ua x GL(V) by Wa(s) = (p(s), Ya(p(s), 5(-))
- reproduces G L(V')-valued cocycle p, g of E now considered with values in Autnge(GL(V))

— this cocycle is smooth (since GL(V) is Lie group)
- get associated GL(V')-principal bundle which will be denoted by Fr(E) — B

M — B - G-principal bundle
- k: G — GL(V) homomorphism of Lie groups
- G-valued cocycle po g for M — B gives GL(V')-valued cocycle k(pq )
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- get associated vector bundle: notation M xg .,V — B
—have map M xV — M xqg . V given by

([t glasv) > [u, A(g)v]a

- this is well-defined and smooth

- induces the equivalence relation such that (m, k(g)v) ~ (mg,v) for all g in G on M x V
— Actually: M xg,. V is the quotient of M x V by this equivalence relation
- write [m,v] for the image of (m,v)

have G-action on C*°(M, V') by
(9£)(m) = k(g) f(mg™")
- can talk about fixed points C°°(M, V)¢

Lemma 2.83. T'(B, M xg, V) = C®(M,V)¢
Proof. want that s(w(m)) = [m, f(m)] for all m in M

given s € I'(B,M X¢g V)

- define f : M — V as follows:

—let m € M, then s(w(m)) = [m,v]

— this is the unique representative of s(m(m)) with first entry m
—set f(m) :=v

— check: f(mg) = k(g)"'v

-1

— check smoothness: f o, (u,g) = k(g) sa(u)

given f € C°(M, V)%
- define s € I'(B, M x¢, V) by s(b) = [m, f(m)] for any m € M,
— check: well-defined

— check smooth
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check: these construction are mutually inverse

O
Example 2.84. F — B - vector bundle with fibre V'
-Fr(E) - B
- & =idgr)
then Fr(FE) XGL(V)idgrey V = E
- map [s,v] — s(v)
O

E — B - vector bundle with typical fibre V'

k:G — GL(V) - homomorphism

Definition 2.85. A reduction of the structure group of E to G is a pair M — B of a
G-principal bundle and an isomorphism of vector bundles M xg V' S E.

Example 2.86. A reduction of the structure group to the trivial group is the same as a

trivialization

V=WeoeW

- GL(Vp) x GL(V1) CGL(V)

a reduction of the structure group to GL(Vy) x GL(V7) is equivalent to an decomposition
EcoEL1=FE

-GL(V)t ={A € GL(V) | det(A) > 0}

a reduction of the structure group to GL(V)T is the same as the choice of an orientation

if V' has a scalar product - get O(V) C GL(V)
a reduction of the structure group to O(V') is the same as the choice of an metric on E

O
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2.4.7 Pull-back

f : B' — B - map of manifolds
- get h* : C°°(B) — C*°(B’) - pull-back of functions h*f := f o h.

extend this to fibre bundles M — B
- S(h(b/)) iS in Mh(b’)

- want a new bundle over B’ with fibre M,y over b

w: M — B - fibre bundle with typical fibre F’
- f: B’ — B morphism

- consider pull-back in sets

- (U, %) - local trivialization of 7

- induces

W o T TN U) 2 U F o om = (1 (m), prp(H(m))

- (U, ') local trivialization of 7’

- cocycle: (Piﬁl %) (indexed by the local trivializations of )
- '0;0171#0 (u) = P10 (h(w))

Definition 2.87. n’ : M’ — B’ is called the pull-back of 7 : M — B along h.

often write M’ := h*M
- the pull-back of a vector bundle is again a vector bundle

- the pull-back of a principal bundle is again a principal bundle
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Lemma 2.88. The square

is a cartesian square in Mf.
Proof. Exercise:

pull-back of sections:

-h*:T(B,M) —>T(B',h*M)

- s (V= h*s=(V,s(h(V))) e M’

Example 2.89. f: M — M’ - morphism of manifolds
- interpret TF : TM' — TM as:

Df:TM' — f*T'M by universal property of pull-back
Example 2.90. pull-back of forms:

f:M — M

- QN — QY (M)

- e 2L e

- QY M) — DM, M) 2R v ey = Q)

comimutes:
(M) L oo ()
J J
al(M) —L s i)
exercise:

Example 2.91. M, N - manifolds
-FE — M, F— N - vector bundles

pry M x N — M, pry: M x N — N projections
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- write FB F = pry, F @ pryF — M x B

Example 2.92. have isomorphism T(M x N) - TM BTN

- given by Dpr,; @ Dpry

2.5 Vector fields
2.5.1 The commutator

Definition 2.93. X (M) :=T'(M,TM) is called the space of vector fields on M
is C*°(M) module

define action I'(M,TM) x C*°(M) — C*(M)
- (X, f) = (mo= X(m)(f))

some formulas:

- have rule (9X)(f) = gX(f)

- Leibnitzrule: X(gf) = X(f)g+ fX(g)

- could say: X is in Der(C°(M),idge (ar))

- X(f)(m) = df (m)(X(m))

Lemma 2.94. For X,Y in X (M) there exists a uniquely determined Z in X (M) such that
Z(f) = XY (f) = Y(X(f)) for all f in C=(M)

Proof. observe: f— X(Y(f)) =Y (X(f))(m) is a derivation
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X(Y(f9)) -Y(X(f9)) = X(¥

|
=
Jad
=
g
+
=
Jad
b<
S
|
=
>
S

evaluate at m
- define value Z(m) as this derivation
— Z satisfies the formula

— must check smoothness: Exercise! (already done) O

local formula:

- write [X,Y]:=Z2

- local formula on chart on U

- XYy = [X10;,Y70)] = (X70;Y' = Y710;X")0;

Lemma 2.95. X (M) with [—,—] forms a Lie algebra

note: [X, Y] = X, Y] + X ()Y
- [, =] is not C*°(M) - bilinear

h: M — M’ diffeomorphism

- X e X(M)

define h, X such that h*(h X f) = X(h*f) for all f in C°°(M)
~ get hoX (m') = Th(h=(m/) X (b~ (m))

Lemma 2.96. h,[X,Y] = [h. X, h,Y]

Proof. check chain rule: h*(h.[X,Y])(f) = [X,Y](h*f)

BB X 1Y) = B X (Y ()~ R (X () = WX R (Y () = Y R* (X (f)
X, Y)(h*f)

oo
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Example 2.97. X ¢ X(M), Y € X(N)
X BY := Dprypry, X @& DprypriyY € X(M x N)
[XO)Xl] i D/Ovyvl] = [XO H YOaXl H Yl]

the following explains meaning of commutator:

ICRopen, 0l

- consider map & : I x M — M

— write ®(t,m) = ®4(m) (family of endomorphisms of M smoothly parametrized by I)

— assume Py = idyy

- get vector field X := ® (derivative by time at 0)
— X(m) :=T®(0,m)(0)
- X(m) = () ®i(m)

LY in X (M)
— define ®;,Y € X (M) by
— consider ®; .Y (m) := T®(P:(m)) (Y (P¢(m))))

-1

— note that for every m € M the inverse T®;(m)~" exists for small [t| since dPg(m) =

idTm M

Lemma 2.98. (0;);=0®: .Y (m) = [X,Y](m)

Proof. calculate in chart

- use Taylor expansion and only keep constant and linear terms in ¢
®y(m) = m +tX(m) + O(*)

Td,(®(m)) =T(m+tX(m)) +O(t?) =1 +tTX(m) + O(t?)
TO(®(m))~t =1—tTX(m)+ O(t?)
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T, (@(m))(Y(Pu(2)) = (1= tTX(m))Y (m+tX(m)+ O(t*)) + O(t?)
= Y(m) —tTX(m)(Y(m)) +tTY (m)(X(m)) + O(t?)
= Y(m)+t[X,Y](m) + O(t?)

2.5.2 Integral curves

X € X(M) given
- consider intervals I C R
- for curve v : I — M set: +/(t) := T(t)(9) € TypyM

Definition 2.99. A curve v : I — M is an integral curve of X if v'(t) = X (v(t)) for all
tel.

fixme M, t) € R

Proposition 2.100. There exists a unique maximal integral curve v : I — M of X with
V(to) =m

Proof. local existence and uniqueness:

- in chart at m: apply Picard- Lindeloef

- get interval I such that there is a unique integral curve v : I — M with v(tg) =m

unique continuation:

- v,7 : I — R two integral curves

- 70(to) = 71(to)

—then v =m

— J={n=mn}

— show by contradiction that J =1

— J is closed in I and contains ¢
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— assume: J # [

— assume: supJ < sup/

—- case: inf J > inf I similar

— t1 :=supJ

— vo(t1) = 71(t1) (since J is closed)

— then also [t1,t1 + €) € J for some small € > 0 by local uniqueness

— contradiction!

apply Zorn to find maximal integral curves

if y: I — M is maximal
- if sup I # oo then limygyp 7 7(t) does not exist

- if inf I # —oo then limyine 7 y(¢t) does not exist

consider open subset U such that {0} x M CU CR x M
-®:U — M some map

- write ®(¢,m) := ®¢(m)
Definition 2.101. ® is called a flow of X if
1. &g =idy
2. For every m in M the curve t — ®,(m) is an integral curve of X.

Proposition 2.102. There exists a unique mazimal flow of X.

Proof. - ®|ynrx{m} is the maximal integral curve of X with v(0) =m
- check smoothness and openness of U

- use smooth dependence of solutions of ODE on initial conditions

formulas: &;®5 = @, (where defined)
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-y =0,

4 B =X(f)
o @ (Y) = [X,Y]

Example 2.103. Newton Mechanics

M - position space of a mechanical system (encodes positions)

- T'M - phase space (encodes position and velocity)

- X € X(TM) - encodes law of involution

- integral curve v : I — T'M - time evolution of the system with initial condition v(0) = Z

— base point of Z in M is initial condition

— Z itself is initial velocity

modelling circle

- Physical problem: find the correct M and X modelling the reality

- Mathematical problem: find

- Physical problem, verify model: compare prediction of the model with some measurement
— correct model if necessary

- Application: make predictions for not yet measured evolutions

Examples:

- mass point in force: M = R3

- X by Newtons Law

Example:

- rigid body

- M =R3 x SO(3) (center of mass and orientation in space)

- X by Newtons Law
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2.5.3 Fundamental vector fields and actions

G - Lie group

- use notation g := T.G

consider manifold M with right action a : M x G - M
-use T g (M x G) 2T, M & T,G

Prr,, M

g TaMag S T e " T, M
—for X in g set X¥(m) := Ta(m,e)(X) € T;,M
— fundamental vector of the action at m for X
— let m vary

— get fundamental vector field X* € X'(M)

consider case G = M
- for g € G let Ly, R, left- and right multiplication by g
- XH(h) = TLy(e)(X).

Lth = Lgh implies

- TLy(h)(X*(h)) = TLy(h)TLp(e)(X) = TLyn(e)(X) = X*(gh)

— shorter Lg7*Xﬁ = Xt

Definition 2.104. The vector space “X(G) == {X € X(G) | (Vg € G | L. X = X)} is
called the space of left invariant vector fields on G.

for X in g have X* € CX(Q) - left invariant vector field

- any left-invariant vector field is uniquely is determined by value at e

- have isomorphism “X(QG) S ggiven by X — X (e)

— is inverse to X — X?

- Ly s[—, =] = [Lhy, Ln ] shows:
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~ [~, —] restricts to X (G)
— g - becomes sub-Lie algebra of X(G)

- get induced Lie algebra structure on g

Definition 2.105. g is called the Lie algebra of G.

- X — X" is homomorphism of Lie algebras by definition
XY = (XY

Example 2.106. V - vector space

- GL(V) C End(V') open

-T.GL(V) = End(V)

- X¥(g) = TLy(e)(X) = gX

- XY =X(@Y)-Y(@X)=XY -YX

consider general action of G on M

Lemma 2.107. The map g —» X (M), X — Xt is a homomorphism of Lie algebras.

Proof. consider map f: M x G — M x G, (m,g) — (mg,g)

- is diffeomorphism, inverse (m, g) — (mg~!,g)

- f(0@ X) = pri, X! @ pry X

— omit to write pr

-[0eX),(08Y)]=0s[X,Y]

-[(XPe X)), (Xfe X)) =£f]00X),00Y)=£f00[X,Y]) =X, Y] [X,Y]
- read of [X*, V¥ = [X,Y]*

¢ : G — H - homomorphism of Lie groups

do(e) 1 g — b
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Lemma 2.108. d¢(e) is homomorphism of Lie algebras.

Proof. get action of G on H by (h,g) — ho(g)

- for X in b

- X%{ - fundamental vector field of G-action on H
—isin PX(H)

~ Xi(e) = do(e)(X)

do(e)([X,Y]) = [Xf;, Yil(e) = [do(e)(X), dd(e) (Y)]

LRy = Ry Ly implies

- Ry« preserves Y X (G)

- get (anti)action Ad : G — GL(g) by automorphisms of Lie algebras
- ad := dAd(e) : g — End(g) (anti)homomorphism of Lie algebras

Lemma 2.109. ad(X)(Y) = —-[X,Y].
Proof. Exercise?

Xeg
- XPefx(a)

Lemma 2.110. The mazximal integral curves of X have domain R

Proof. v : I — G integral curve of X* with y(to) = e

- then g is integral curve of X* with y(t9) = ¢

(97" = dLg(v(t))(X*(+(1))) = X*(gn(1))

~ : I — G maximal integral curve

- assume: tg:=supl < oo
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- then
_ ~(t) tel
1 { Y(to)y(t —to) tel—to

- contradiction to maximality

is extension of integral curve to I U (to + I)

P:gxRxG— G, (X,t,9) = & (g)

- flow of X! starting at m at time t

Definition 2.111. We define the exponential map exp : g — G, exp(X) := 7' (e).
Example 2.112. for GL(V)

- i (g) = ge'*

- exp(X) = eX - usual matrix exponential

Example 2.113. consider G-action on M

-Xeg

- thiv[ - fundamental vector field

- (t) := mexp(tX) is an integral curve of X?\/[v hence defined on all of R

— calculate derivative at tg

~(0s)s=mexp(sX) = (9)s—om exp(tX) exp(sX) = X}, (7(t))

3 Connections

3.1 Linear connection on vector bundles bundles
3.1.1 Existence and classification

recall:
have differential d : C>°(M) — QY (M)
- consider this as map X'(M) x C*(M) > (X, f) — X(f) :=df (X)

- generalizes to V-valued functions h € C*°(M,V):
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— write (X, h) — VA = X (h)
— componentwise application of X
— uniquely characterized by

— v*(VEYh) = X (v*h) for every v* € V*

formulas:

V¥xh =VEh+VEh , VYR = fVxh

— C°(M) -linear in the first argument

VEY(h+h) = VR + VR VY (hf) = fYSEh+ X (f)h
— C-linear and Leibnitz rule in the second argument

E — B - vector bundle

- want to consider V : X (M) x I'(B, E) — I'(B, F) with these properties:

Definition 3.1. A linear connection on E is a map V : X(B) x I'(B,E) — I'(B, E)
(written as V(X,s) = Vxs) which is C*°(B)-linear in the first argument, C-linear in the
second and satisfies the Leibnitzrule Vx(fs) = fVxs+ X(f)s.

Example 3.2. FE is trivial

- can choose trivialization ¢ : E — B x V

— get identification I'(B, E) = C*(B, V)

— s+ hg : b pri(s(d))

— hs s b w7 L(b, (b))

define connection V on E such that hy,s = VA

- V depends on choice of trivialization
- ¢ second trivialization, get V', s — hj and h + s},

- '~ u,v) = (u, p(u)(v)) transition function
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~p:B— GL(V) C End(V)
—hl,=p-hs
have C*°(B)-module isomorphism

(B, T*M ® End(E)) = Homgeo(py (X (B) @ce(p) I'(B, E),T(B, E))
sends w to map X ® s +— (b — w(b)(X (b)) - s(b))

write w(X) - s 1= w(X,s)
— define w € T(B, T*M @ End(E)) such that hy(x).s = p~'dp(X) - hs

- h,V/Xs = VE?V]Z; = V?V(Phs) = P(Vt)?vhs + p_ldp(X)hs) = phVXerw(X)s = h/VXs-i-w(X)s
read of: V' =V +w

bin B
X, X' e C>®(B), s,s eT'(B,E)

- Vxs(b) is locally determined at b

Lemma 3.3. If X(b) = X'(b) and there exists a neighbourhood U of b such that sy = 31U7
then (Vxs)(b) = (Vx/s')(b).

Proof. Assume that f, f/ € C*°(B) and f(b) = 0, f' = 0 near B (in particular f’(b) but

also all derivatives vanish)
- (Vixs)(0) = f(0)(Vyxs)(b) =0
- (Vx(f9))(b) = f'(b)(Vxs)(b) + X (f')(b)s(b) =0

under the assumption can write X — X’ = fY and s — s/ = f’t for such a function

for X € T}, B define: Vxs :=V ¢s(b) for any X € X(B) with X(b) = X
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Lemma 3.4. Linear connections exist and form an affine space over I'(B, T* B End(F)).

Proof. (Uy, 1) covering of B by local trivializations

- locally finite

- get connection V¢ in U, (e.g. the trivial one)

- choose partition of unity (x,) subordinate to covering
- define V.=>"_ xoV*

— interpretation:

- Vxs(b) = X xalb)(VE5)(0)

— if b € Uy, then (V% s)(b) is well-defined by Lemma

check:
V is linear connection:

Leibnitz:
Vx(fs)®) = > xad)(Vifs)(®)

= f(0) ) xa®)(VE8)(0) + X(f)(0) Y Xalb)s(b)
= [Vx(s)(0) + X(f)s(b)

V, V' two linear connections

- w: X(M) xT(B, E) — I'(B, E)

- (X,s) = Vs —Vxs

— is C*°(B)-binlinear

— find unique w € I'(B,T*B ® End(E)) such that w(X)-s = Vs —Vxs

if V is a connection and w € I'(B,T*B ® End(FE)), then V + w is also a connection
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consider pull-back situation
WE-LtE

B ——B

V - linear connection on E

Lemma 3.5. There is a unique linear connection h*V on h*E such that
E((h*Vx/h*s)) =Vxs
foranyV € B', X' € TyB' and X := Th(V/)(X’) and s € T'(B, E).

Proof. V' any connection on E’

- write A*V =V’ 4+ w

— determined w from condition:

k(@) (X) - (h$)()) = Vs — k(T h*s)

— in order to see that w is wel-defined:

— must show that right-hand side only depends on value of s:
— b:=h(b)

— assume s = ft with f(b) =0

— Vy ft = k(Vi, h*(f1)) = Y (/)E(0) — K(X(h* [)p*t(b) = (Y (f) = X (h*f))t(b) = 0
—- used k(h*t(b')) = t(b)

— Y (f) = X(h*f since Y = Th(V)(X)

- hence get w as desired, is uniquely determined

3.1.2 Curvature

E — B vector bundle

V - linear connection
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- interpret V as map I'(B, E) — I'(B,T*B® E) = Q'(B, E)
- s+ (X = Vxs)

seI'(B,E)

Definition 3.6. s is called parallel of Vs = 0.

Example 3.7. consider V"V on C®(B,V)

ViVh = 0 is equivalent to the assertion that h is constant
fixbe BandveV

- there exists h € C*°(B, V) with h(b) = v and V'"Vh = 0

- take constant function with value h

will see that a similar assertion for general connections on vector bundles is not true

in the following X,Y € C>*(B), s € I'(B, E)

Lemma 3.8.

(X,Y,s) = FY(X,Y)-5:=Vx(Vys) — Vy(Vyxs) — Vix,y)s
is C>®-linear in each argument and therefore determines an element FY € Q?(End(FE)).
Proof.

Vix(Vys) = Vy(Vixs) = Virxy)s fVx(Vys) = fVy(Vxs) = fVixy)s =Y (f)Vxs +Y(f)Vxs

= [(Vx(Vys) = Vy(Vxs) = Vixy)s)
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Vx(Vyfs) = Vy(Vxfs)=Vixy)fs = Vx(fVys+Y(f)s)— Vy(fVxs+ X(f)s)
—fVixy)s — [X, Y](f)s
= fVx(Vys)+ X(f)Vys+Y(f)Vxs+ X(Y(f))s
—fVy(Vxs) =Y (f)Vxs — X(f)Vys = Y(X(f))s
—fVixy)s — [X,Y](f)s
= f(Vx(Vys) = Vy(Vxs) = Vixys)

O
Definition 3.9. FV is called the curvature of the connection V.
Example 3.10. have FV™ =0
- this is just the equality
- X(Y(h)) =Y (X(h)) = [X,Y](h) - definition of commutator 0
Lemma 3.11. If s € I'(B, E) is parallel, then FV -5 =0.
Proof. clear O

Corollary 3.12. Fiz b € B. If for any e in E there exists a parallel section with s.(b) = e,
then FV(b) = 0.

Proof. (F¥(X,Y)(b) - €)(b) = (FY(X,Y) - 5)(b) = 0

FVtY(X)Y) = FY(X,Y)+ Vxw(Y) — Vyw(X) —w([X,Y]) + [w(X),w()] (1)

- define V Aw € Q?(M,End(E)) by

Vw(X,Y)(s) :=Vx(w(Y)s) — Vy(w(X)s) —w([X,Y])s
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- is C*°(B)-multilinear and therefore well-defined

FVt = FV 4 V Aw + [w, ] (2)
Example 3.13. E =B xR
- identify End(R) with trivial bundle with fibre R
-V =V" 4w
-V AW(X,Y) = X (w(Y)) = Y(w(X)) —w([X,Y]) = dw(X,Y)
— Cartan formula
- (X, w(¥)] = 0
- hence FV"™" % = dw

curvature can be non-trivial

Example 3.14. Physics language

- V - gauge field

- for trivialization of bundle V = V'V 4w

— w - gauge potential (depends on the trivialization, nota physical quantity)
— change of trivialization (gauge transformation):

—w'=w+pldp

~ FV = V"WV AW+ [w,w] - field strength (measurable effect of the field)

choice of bundle depends on what one wants to model

- usually additional structures preserved: complex structures, metrics O
Example 3.15. if dim(B) < 1, then curvature always vanishes

Lemma 3.16. F"'V = p*FV

Proof. Exercise. 0

Example 3.17. B x V — B - trivial bundle
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- VY _ trivial connection

- hvt}?vs — X(hs)

- P € I(B,End(E))

- family of projections

—trP € C®(M)

—trP(b) = dim Ey € Z

— trP = rkP locally constant

— F :=1im(P) = ker(1 — P) is subbundle of E
—for s € I'(B, F) have Vs € I'(B, E)
—Von F by: Vxs:= PVivs

— check Leibnitz, use Ps = s

— Vx(fs) = PfViVs + PX(f)s = fVxs+ X(f)s
V is the projection of V"V to X

calculate curvature

pP2=p

- X(P%) =X(P)P+PX(P)=X(P)

- PX(P)P+ PX(P)=PX(P) hence PX(P)P =0

FY(X,Y)s = PVYYPVEYs— PVEVPVEYs — PV s
= PFV"s4+ PX(P)VilVs — PY(P)V's
= PX(P)1-P)V¥s— PY(P)(1 - P)V%'s
= PX(P)(1 - P)V¥Ps— PY(P)(1—- P)V%"'Ps
= PX(P)(1- P)Y(P)Ps— PY(P)(1— P)X(P)Ps

FY(X,Y)= PX(P)(1— P)Y(P)P — PX(P)(1— P)Y(P)P

Example 3.18. i:S? C R3
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- sphere of radius r

- E=7*TR? — S? - trivial

- P: E — TS? - orthogonal projection
— get connection V by projecting ViV
-PE)Z)=Z 178, Z)¢

choose coordinates near northpole

(z,y) = (z,y, V12 — 22 — )

matrix for P

1—r222 1—r2yx T*Zx\/m
P(z,y) = 1—r2zy 1 — 722 yr—2\/r2 —a2 —y
L—ar2r2 —ax2 —y2 1 —r2y/r2 — a2 — 2 (22 4+ y?)r—2
0 0 1 0
XP)0)y=7r"t1 0 0 0 Y(P)0)=r"1] 0
-1 0 O 0
1 0 0 0 0 0
P(O)Z 01 01, 1—P(0) = 0 0 0
0 0 O 0 0 1
0 0 O
A-PO)XP)OPO) = | 0 0 0 |, -POYE)NOPO) =" | 1
—1 0 O

FY(X,Y) = P(0)Y (P)(0)(1 - P(0))X (P)(0)P(0) = r?

3.1.3 Parallel transport

B =1 - interval, ty € I
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E — B - vector bundle, eg € E,

V - connection

Lemma 3.19. There exists a unique parallel section s € I'(1, E) such that s(to) = eo.

Proof. - solve ODE Vs = 0 with initial condition s(¢y) = eg
local existence:

— analyse locally in trivialization

B VAR v

- Vo, = 0 + w(0)

— consider s as V-valued function in ¢

-I>t— A(t) = w(t)(0;) € End(V)

- solve linear system of ODE with non-constant coefficients

— s = —A(t)s, s(tg) = eo

— is solvable and solution exists on [

global uniqueness

- 5,8’ to solutions on I

- J ={s =5} is non-empty (contains tg)
- is closed (solutions are continuous)

- from local uniqueness: J = I

let J C I maximal interval on which parallel extension s exists

- argue: J = [ using local uniqueness

h:I' — I map
-seIl'(I,E),Vs=0
- then h*Vh*s =0
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observe: let s¢, be the parallel section with s, (to) = ep

- the map eg — s¢, is linear

E — B - vector bundle

V - connection

-7v:[0,1] = B curve

- get map E, ) — Ey (1)

— get linear map [|7 : E (o) 3 e = sc(1) € By,

— here s, parallel section of 7*E — [0,1] (w.r.t. v*V) with value s(0) =e

Definition 3.20. The map ||7 : B,y — E,q) is called the parallel transport along 7.

some simple properties of parallel transport:
reparametrization invariant:
- ¢ :[0,1] — [0, 1] smooth, endpoint preserving

- Hv — ‘¢*'y

every path can be reparametrized such that it is constant near endpoints
- can restrict to path’s which are constant near endpoints

- can then concatenate

oo y(2t)  t<1/2
VM_{ym—mt>u2

we have

P =" o |
[

- set v, (t) = y(tT) - piece of curve from v(0) to v(7)

- s any section of F
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\\7;13(7(7)) € E, () - depends on 7

— how?

Lemma 3.21. 8,[|"" s(v(1)) = |[" ' Vy(n)s

Proof. — is correct if s is parallel along v (both sides vanish)

— more general section s = fo with o parallel

07 (Fo)(v(7)) = F(3(7)) 0- 17 o (3 ()) + 4 (1)) |7 o (3(7)
17 (Vo fo) = FEDINT Voo +4 (DI o(3(7)

— is correct for sections of the form fo with o parallel along ~

— any section is R-linear combination of such

from now one:

- consider U C R" - starlike rel 0

- bundle £ - U

-V :=E

- connection V

- define trivialization ¥ : E — U x V by radial parallel transport
—z € U yields curve v;(t) := tx from 0 to z

- set W(e) = (n(e), [ (e))

Corollary 3.22. A wector bundle on a starlike domain in R™ is trivial.

Proof. one can choose a connection

- then have radial trivialization

write
-V = Vtriv 1w
- w - End(V)-valued one-form

— investigate Taylor expansion of w at 0
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Lemma 3.23. We have w(tX)(Y) = LFV(0)(X,Y) + O(¢?).

Proof. - s radially parallel

- V¥V = 0 by definition of ViV

consider X as constant vector field

-0=Vxs(tX) =w(tX)(X)s(tX) for all radially parallel s
—w(tX)(X) =0 (as function of t)

—evaluate at t =0

— w(0)(X) =0 for all X

— derive at t =0

— hence Xw(X)(0) =0

— polarization
X,Y - constant vector fields
-~ Xw¥)+Yw(X)=0

(Xw(Y) = Yw(X)) = Xw(Y) = (0r)j=ow(tX)(Y)

N— N[

(VAWw)(X,Y) = Xw(Y)

— no commutator

~by @): 3(VAw)(0)(X,Y)=3FV(0)(X,Y)
~w(tX)(Y) =LFV(0)(X,Y) + o(t?)

interpretation:
consider concatenation of linear paths:
0—=>tX ->tX+tY —0

- calculate parallel transport up to order ¢
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-e—e—e—w(tX)(tY)e — (e —w(tX)(tY)e)
- alltogether e — e — %FV(X, Y)s + O(t3)
Lemma 3.24. We have V = V" if and only if FY = 0.

Proof. =

- clear

=
s - radially parallel section
- V#Vs = 0 by definition

- must show that Vys =10
— fix vector X in U

— show Vys(X) =0

— Vxs(tX) =0 (s radially parallel)

— v¢x curve from 0 to X

— O IVys(tX) = |7V x Vys(tX) = =1 FV(X,Y)s(tX) =0

- Vyse(0) = 0 (initial condition)

—sett=1

hence Vys(tX) =0 for all ¢ O

U - starlike
-x,yelU
- v curve from z to y

Corollary 3.25. If FNY = 0, then the parallel transport ||V : E, — E, is independent of .

3.1.4 Tensor algebra with connections, the first Chern class

E.,F — B vector bundles

VE VF connections
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Lemma 3.26. 1. There is a unique connection VF®Y on E@® F such that

VEE (spt) =VEsa VIt .

2. There is a unique connection VE®F on E ® F such that

VEOE(s@t)=VEs@t+s@ Vit

3. There is a unique connection VHO™EF) gych that
(VHREDg)(5) = VF(9(s)) — (VEs) .

Proof. Exercise. Here is a trick for the tensor product:

write £ ® F as Hom(E*, F)

E — B - vector bundle
- V - connection

- define VA — : Q¥(B, E) — Q*1(B, E)
k . A~
VAwXo,...,Xp) = Y (-1)'Vxw(Xo,...,X;...,Xp)

1=0
-f—Z(—l)i_‘—jw([Xi,Xj],Xm ... ,Xi, .. ,X]’ ...

1<J
Lemma 3.27. V A w is well-defined.

Proof. must check:
- formula is alternating in (X;)

- formula ist C*°(B)-linear in the X;

for 1-form:
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VAwX,Y)=Vxw(Y) - Vyw(X) —w(X,Y)])

for 2-form
VAwX,Y,Z) = VxwlV,.Z2)+ Vyw(Z,X)+ Vzw(X,Y)
+ —W([X, Y]aZ) _w([K Z]aX) —LL)([Z,X],Y)
for trivial bundle under Q(B,B x R) = Q(B) and V = V"V: V A — = d - de Rham
differential
calculate:

VA V(S)(X, Y) =VxVy —VyVxs— V[X’y]s = FVs
Corollary 3.28. VA —: Q(M,E) — Q(M, E) is a differential of a chain complex if and
only if FV =0

note:

- Q(B,E) is Q(B) - module
-V(wAs)=dwAs+ (—1)¥wAVEs
-VAVA=FVA

FE — B - vector bundle

V connection

Lemma 3.29. (Bianchi identity)
vEnd(E) A FV —-0.

Proof. verify locally
- can assume that commutators of X, Y, Z vanish

— take coordinate vector fields

-FV(X,Y) = [Vx, Vy]
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VB pY (Y, 7) = [Vx, [Vy, V2]

assertion is now Jacobi identity for endomorphisms of a vector space O

E — B - vector bundle

- tr : End(E) — B x R bundle morphism
-VonFE

-V on B xR

Lemma 3.30. VHom(End(E),BxR)¢ — ()

Proof. - to show: X (tr(¢)) = tr(Vx¢)

- local trivialization

— sections of E are vector valued functions

— sections of End(F) are matrix valued functions
-VE=d+w

- VX6 = X (9) + [w(X), 4]

- tr(Vx" ) = (X (8)) + tr([w(X), ¢]) = X (1x(9))

O
E — B - vector bundle
- V - connection
-trFV € Q%(B)
Lemma 3.31. dtrFY =0
Proof. - assume that mutual commutators of X, Y, Z vanish
- Cartan formula
-dtrFY(X,Y, Z) = X(ttFY (Y, Z)) — Y (tr FV(X, Z2)) + Z(trFY (X, Y))
- get dtrFY(X,Y, Z) = te(V P YV (v, 2) + VEME PV (7 X) 4 VEME FY(X Y)) = 0
with Bianchi O
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dependence on the connection

trFVHY =t FV + tr(V A w) + trw, w]

- trfw,w] =0

- tr(VAw) (X, Y) = (V4 Pw(y) - v Pu(X)) = Xtr(w(Y) - Y tr(w(X)) = (dtrw)(X,Y)

— Cartan formula

Definition 3.32. The vector space

_ ker(d: Q"(B) — Q"(B))
~im(d: Q"1(B) — Q"(B))

Hip(B):

is called the nth de Rham cohomology of B.

Corollary 3.33. The class ¢1(E) := [trFV] € H3p(B) is independent of the choice of the

connection.

Definition 3.34. ¢i(FE) is called the first Chern class of E.
if F is trivial

- E admits trivial connection V'V with zero curvature

- conclude ¢;(E) =0

vice versa:

- if ¢1(E) # 0, then E is not trivial.

Note: we will see later that ¢ (F) = 0 always

3.1.5 Metrics and connections

E — B - vector bundle

- h eT(B,S*(EY))

-beB

— h(b) € S%(E;}) - symmetric bilinear form

Definition 3.35. h is called a metric on E if h(b) > 0 for every b in B.

Definition 3.36. The pair (E, h) is called an euclidean vector bundle.
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Example 3.37. ¢ : E = B x V - trivialization
- choose metric AV on V

- get metric on F such that 1 is fibrewise isometry

FE — B vector bundle

Lemma 3.38. There exists a metric on E.

Proof. cover B by local trivializations (U, 14,)
- (Xa) - partition of unity
- get local metrics h®

- define for b € B and e, ¢’ € Ey:

hie,e') = xa(b)h®(b)(e, €)

(67

- h is a metric on F

Lemma 3.39. Fvery subbundle F' C E has a complement.

Proof. choose metric on E

_ P € (B,End(E))

- P(b) - orthogonal projection onto F’
- F+ :=ker(1 — P)

have deomposition E = F @ F*

note: h = ht' & hE*

FE — B vector bundle
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- hY - metric on V

- h metric on F

— a frame ¢ : V — FE is orthogonal if it is an isometry
— get subbundle O(E, h) C Fr(E) of orthogonal frames
—is a O(V,h") - principal bundle

- have isomorphism O(E, h) Xy vy V =2 E

— metric provides reduction of structure group to O(V,h")

vice versa: assume £ = P Xgy vy V

- get metric h such that h([p,v], [p,v']) = hY (v, ')

V - connection

Definition 3.40. h is compatible with V if V5" (E)p = 0.

also say: V is a metric connection

note: V5 (s, t) = X (h(s, 1)) — h(Vxs,t) — h(s, Vxt)
- hence compatibility is equivalent to relation

- dh(s,t) = h(Vs,t) + h(s, Vt)

Example 3.41. E= B xV

h induced from hY

- V¥V is compatible with h

Example 3.42. £ — B vector bundle

- V connection

- h metric, compatible with V

P € I'(B,End(E)) - family of projections
- F =1im(P)

— have restricted metric hf'
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- if P* = P, then PV is compatible with hf

dh¥(s,t) = h(Vs,t) + h(s,Vt) = h(Vs, Pt) + h(Ps,Vt) = h(PVs,t) + h(s, PVt) =
hE(VEs,t) + h(s, V)

(E, h) euclidean vector bundle
v :[0,1] = B - a curve
7 Eyo) = By

Lemma 3.43. If V and h are compatible, then ||7 is isometric.

Proof. s,t - parallel sections along

-e=5(0), ¢ = (0)

Oth(s,s") = MV 1)s,8") + h(s, Vyps') =0

- h(e, €') = h(s,s")(0) = h(s,s')(1) = h(["(e), ["(e"))

(E, h) euclidean vector bundle
- V - connection

— define new connection characterized by

h(Vis,t) = X (h(s,1)) — h(s, Vxt)

-t X(h(s,t)) — h(s, Vxt) is C*°(B)-linear
— hence there is a unique section Vs € I'( B, E) satisfying condition

— check that (X,s) — Vs is a connection

Definition 3.44. V* is called the adjoint connection.

V and h are compatible if and only if V = V*
(V)*=V

- interpret h as isomorphism h : £ — E*
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— then V* = h~1VEp

define w := V* -V

Definition 3.45. The connection V" :=V + %w is called the orthogonalization of V

- V% is compatible with h

Corollary 3.46. Fvery euclidean vector bundle admits a metric connection.

V,V 4 w are both compatible if and only w(X) = —w(X)* for all X

Lemma 3.47. If V is compatible, then FV(X,Y) = —FV(X,Y)*

Proof. Exercise

Corollary 3.48. For any vector bundle E — B we have ¢1(E) = 0.

Proof. E has metric

- can choose metric connection
- FV(X,Y) is antisymmetric
-trFYY(X,Y) =0

- cohomology class ¢;(F) contains 0

Remark 3.49. to get non-trivial cohomology classes consider

§(V)n :=tr(FY A...FY) € Q*(B)
2n
- then ds, (V) =0

- 5p(E) = [5,(V)] € Hi%(B) does not depend on V

these classes may indeed be non-trivial
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3.2 Connection of fibre bundles
3.2.1 Horizontal bundles for submersions

w: M — B smooth map

Definition 3.50. 7 is called:

1. a submersion if Tm(m) : TypnM — Ty, B is surjective for every m in M.
2. an immersion if Tm(m) : Ty M — Ty B is injective for every m in M.

Example 3.51. 7: M — B - a locally trivial fibre bundle

- then 7 is a submersion

consider submersion 7 : M — B
- Dm: TM — 7T B surjective
- dim(ker(Dm)) has locally constant rank

- TV :=ker Dm — M is a vector bundle bundle
Definition 3.52. The subbundle TVm of TM is called the vertical subbundle of .

Definition 3.53. A horizontal bundle for 7 is a subbundle T"M of TM such Drypnyy
ThM — 7*TB is an isomorphism.

observe: assume that T M is horizontal bundle
Tw @ T"M — TM is bundle isomorphism
- injective: T?m NT"M = 0 (since otherwise D ipnpy not injective)

- surjective: both bundles have the same dimension

Lemma 3.54. Horizontal bundles for m: M — B exist.

Proof. choose metric on T'M
- get notion of orthogonal complement

- take T"M = TV7+
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Example 3.55. 7 : E — B vector bundle

- have canonial isomorphism i : 7*FE = TV

— fix base point e € F}

— fibre of (7*E). is canonically isomorphic to Ej
—for f € (7*E), consider curve t — e +tf in E

— tangent vector i(e)(f) at t = 0 is element of TE
—m(e+tf)=>bfor all t implies T'w(e)(i(e)(f)) =0
— hence i(e)(f) € T'7

check in chart: 7 is a bundle isomorphism

V - connection on E
- will see that it determines a horizontal subbundle 7"V E
—e € Fy
— describe Teh )
— we can find a section s with s(b) = e and Vs(b) =0
— only in the single point b, in general not on a larger subset
— in local trivialization:
—V =V 4y
— Vxs(b) = 0 means X(s)(b) +w(b)(X)e=0

— s(b+ X) = 5(b) — w(B)(X)e + O(X?)
— T's(b)(X) = —w(b)(X) (does not depend on choice of s)
— define T)"V E = Ts(b)(T, B)
(e

—- mos =id implies D7 is isomorphism

)|ThvE

note: can recover V from 7™V M

7 : M — B submersion

- ThM given
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- can define horizontal lift of vectors and vector fields.

bin B

-mée M,

-Xel,B

Definition 3.56. X" € T,,M is called the horizontal lift of X if Tr(m)(X") = X and
XheThM.

- X" is uniquely determined by X

- X" = (Trygn ) ~H(X)

consider now vector fields

- X € X(B)

- define X € X(M) such that X"(m) is the horizontal lift of X (7(m))

Definition 3.57. X" is called the horizontal lift of X.

- get map X(B) — X(M), X ~ X" horizontal lift
- ist C*°(B) -linear: (fX)" = n*(f)X"

consider curve v: 1 — B
Definition 3.58. A horizontal lift of v is a curve 7 : I — M with

1. Toy=x

2. 4/'(t) is horizontal for every t € I

consider deviation from being a Lie algebra homomorphism

Lemma 3.59. The map X(B) x X(B) — I'(M,T"x)
X(B)x X(B)> (X,Y)— T(X,Y) = [X"Y" - [X, Y]

takes values in I'(M,T"m) and is C*°(B)-linear.
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Proof. C*°(B) -linearity

T(fX,)Y) = [(fX)"Y" - [fX, Y]
= [T (HX" Y - [fX, Y]
= 7 (HIX" Y - FIX YT =Y ()X + 7 (Y () X"
= T (NHT(X,Y)

used: Y(r*(f))(m) = Tr(m)(YA(m))(f) = ¥ (=(m))(f) = 7*(Y (/) (m)
- hence Y(7*(f)) = 7*(Y (f))

verticality:
must show that Dr(m)(T(X,Y))(m) = 0 for all m
- suffices to show that T'(X,Y)(7*(f)) = 0 for all f € C*(B)

TX, V)@ (f) = [X" Y () - X, Y]"(7*(f)
= X"YM#(f) - YHXM(E () - 7 (X, Y](S))
= XMr (Y () = Y"(@*(X(f) - 7 (X, Y]()
= (XY () -7 V(X () -7 (X, Y](F))
=0

Definition 3.60. T is called the curvature of Thr

thus 7' € T'(M, A>°T"M ® Tn)

Example 3.61. Example: M = B x F
-T'"M =pr*TBCTBBTF =M
-T=0

mée M, X,)Y € T,B

- then T'(m)(X,Y) € TV (X,Y) is defined
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Definition 3.62. T is called the curvature of the horizontal subbundle T"M .

Example 3.63. 7w : E — B vector bundle
- V - connection

- TV M - associated horizontal subbundle

Lemma 3.64. Fore € E, and X,Y € T,B we have T(X,Y)(e) = —i(e)(FY (b)(X,Y)(e))

Proof. - have explicit formula for horizontal lift in coordinates:
- notation for coordinates:

- for E: (b,v),

— b € R™ base coordinate |,

— v € V - fibre coordinate

- for TE: (b,v,(,§),

-b,BeR”,

-v,£eV

m(b,v) :=b
- Tm(b,v)(8,€) = (b, 8)

B (ba B) S TnB

- vertical vectors: (b,v,0,&) € T(%’U)E

-V = vtriv 4w
- horizontal lift of (b, 8) at (b,v): (b, )" = (b, v, B, —w(b)(B)(v))
- for coordinate field: b — (b, 3) (consider 3 as constant function in b)

— horizontal lift: (b,v) — (b, v, 5, —w(b)(B)(v))
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rite in the target [b,v,0,...]

T(b,v)((b,B), (b, 8) = [(b,v) = (b,v, B, —w(b)(B)(v)), (b,v) = (b,v, B, —w(b)(B')(v))]

= (VAw)®)(B,B)(v) + [w(b
= —FY(0)((b5), (b, 8)(v
O
]
consider pull-back situation
1
B "B

connection T"7 induces connection 7”7’ by pull-back

dk :TM' — K*TM = T°M & T"M

- restricts to isomorphism dkjpv, TV — Tw

- T"M' characterized by: T/, M’ = (Dk(m'))~ (T}, M')

- then dk = dkyrvr © dkpn pp: T © T"M' — T'n @ T"M

- write T"M' = h*T" M

obervation:
Corollary 3.65. If v is horizontal curve in M’, then k o~' is horizontal in M

Definition 3.66. A morphism m: M — B between manifold (topological spaces) is called
proper if for every compact K C B the preimage m~'(K) is compact.

Example 3.67. 7 : M — B a fibre bundle with compact fibre F

- then 7 is proper
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7 :(0,00) — R is not proper

-7 1([~1,1]) = (0,1] is not compact

If M is compact, then every map out of M is proper.

m: M — B submersion

- T"M - horizontal bundle
-v:1— B - curve
-tgel

Proposition 3.68. If 7 is proper, then for every mo € M, ) there exists a unique hori-

zontal lift 4 of v with Y(to) = my.

Proof. assume B = I C R - interval
-0 e X(I)

-0 € X(M)

- 4 must be integral curve of 9}

— therefore uniqueness

existence

claim: the integral curve v* of 9 with 7" (o) = mg exists on T
by contradiction

- J C I max. existence interval of 7h

-morl(t) =t

assume sup(J) =t < sup(I)

- from ODE theory: 7"(s) does not have accumulation point for s 1 ¢

chose € > 0 such that [t —¢€,t] C I

note that for s >t — ¢ we have Y*(s) € 7= 1([t — ¢, )
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— 77 Y[t — €,t]) is compact
— hence such accumulation point exists

— contradiction

general base

- pull-back along v: I — B

- find horizontal lift 4" : I — M’

- then 4y = ko¥

Example 3.69. properness is necessary:
here is a counterexample

- (0,00) = R

—tg=1

— 4 (t) := t exists only on (0, 00) (and not on R)

consider parallel transport
m: M — B - submersion
ThM given

-v:[0,1] — B - a curve

- pull-back



- get induced y*T" M

- mo € Myo)

assume that 7 is proper (or 4" exists for other reasons)
- can define horizontal lift of v with start in mg

- take k o 4"

— denote now also as 7"

— define ||7(mg) := 7"(1)

Definition 3.70. The map ||7 : M. 0y = M1 is called the parallel transport along v with
respect to TV M .

here is a list of (essentially obvious) properties
- |7 s Moy — M, is diffeomorphism

- is reparametrization invariant

St = o |7

- = gt

-if T'=0, then ||7 is deformation invariant in -y

Lemma 3.71. A proper submersion M — I is a trivial bundle.

Proof. use parallel transport
fixtg e
for t € i define v (u) := (1 — u)to + ut

- curver from t to tg

define
WM xIx M,
- W(m) = |7t (m)
O]

Lemma 3.72 (Ehresmann Theorem). A proper submersion is a locally trivial fibre bundle.
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Proof. - choose connection

-bin B

- choose chart at B with range a starlike domain in R"
- use radial parallel transport to trivialize

- M — B x M,

- M > m— (zm(m), | =" (m)) € B x M,

— here v, is curve ¢t — tz from 0 to x

3.2.2 Connections on principal bundle

G - Lie group
7w : P — B - a G-principal bundle
- have right G-action g — R,

- can ask that horizontal bundles are G-invariant.

Definition 3.73. A principal bundle connection on 7 : P — B is a G-invariant horizontal
bundle.

g - Lie algebra of G

- X € g- X* € X(P) fundamental vector field of action

= XH(D) = (9o Rerpex) )

- in trivialization P = B x GG

- interpret X in “X(Q)

—have X*(b,g) = 0® X(g9) € T,B ® TG = T (B x G)

— the values of X¥(p) for all X € g generates T"7

- G acts on itself by conjugation: (g,h) — ay(h) := g thg
- action fixes e

- G acts on T.G = g by Lie algebra homomorphism Ad(g) := T'oy(e) € End(g)
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- by definition: (8t)|t:()g_1 exp(tX)g = Ad(g7")(X)

TRy(p)(X*(p)) = TRy(0h)j1—0Rexp(ix)(P)
= (at)|t:0RgReXp(tX)(p)
= (at)|t=ORg*1exp(tX)g(pg>

(Ad(g~"(X))¥(pg)

write g instead of P X g

define form w : Q'(M, g) by the following conditions:
- ThP = ker(w)

~wp)(Xi(p) =X forall X € g

— this determines w(p) since T),P = TI?P & T)m and X Xt(p), g — 1,7 is isomorphism

- G-invariance of T"P implies G-invariance of w

Lemma 3.74. For every g in G we have Ryw = Ad(g)w

Proof. Ad(g) € End(g) is applied to the values
for horizontal vectors: H € TZ?P
(Ryw)(p)(H) = w(pg)(TRy(X)) = 0 since TRy(X) € TI?QP by invariance of T"P

for vertical vectors:

(Riw)(p)(X*(p)) = w(pg)(TRy(p)X*(p))
= w(pg)((Ad(g™")(X))*(pg)) = Ad(g™")(X)
= Ad(g H(w(p)(X*(p)))

Definition 3.75. A form w € Q'(P, g) with
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1. w(p)(X*(p)) = X for all X € g and p € P

2. Ryw = Ad(gYw for all g in G
1s called a connection 1-form.

Connection one-form provide an alternative description of principal bundle connections
- T"P determines w

- w determines T"P by T" P = ker(w)

Maurer-Cartan form
0 € QNG g)
- is the unique principal bundle connection 1-form on G — *

- 0 is determined by: for X left invariant: 0(X) = X (e)
- 0(9) = dLg-1(9)

- write often as g~ 'dyg

leads to

d(g~'dg) = —g~'dg N g~dg = [g~'dg, g~ dg]
structure equation:

9 = [0, 0]

P — B - G - principal bundle

p € P induces map i, : G — P, i,(g) := pg

Corollary 3.76. w € Q' (P, g) is a connection 1-form if and only if inw = 6 for every p in
P.

we say that w is fibrewise Mauerer-Cartan

P - G-principal bundle

write Ad(P) := P Xx¢ g for associated vector bundle
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Lemma 3.77. Principal bundle connections exists and from an affine space over Q' (B, Ad(P))

Proof. P = B x (G trivial

- pr¢,0 is connection 1-form

7w : P — B general

- choose local trivializations (Uy, ¥4)

- get principal bundle connections wq € Q' (771 (U,), g)
— pull-back of Maurer-Cartan form

- choose partition of unity (xa)

- w(p) =2, X(7(p))wa (p)

— check that it is fibrewise Maurer-Cartan

w,w’ - two connection 1-forms

-di=w —we QY(Pg)

- Sjpor =0

- define 0(b) € Ty B ® Ad(P)

- 5(b)(X) = [p, d(p)(X)] for any p € P and lift X in T),P

— indepence of lifts: two lift differ by vertical vectors

— independence of p:

~ [pg, 8(pg)(TRy(X))] = [pg, Ad(g~)(6(p)(X))] = [p, 5(p)(X)]
- get § € QY(B,Ad(P))

— vice versa: § given
if w is connection 1-form and § € Q' (B, Ad(P))
- define 0(p)(X) := Z € g such that [p, Z] = §(=(p))(T'w(X))

check: w’ :=w + § is connection 1-form
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note: if G is not compact then 7 : P — B is not proper
- so the general result about existence horizontal lifts of curves do not apply

- but such lifts exist

Lemma 3.78. Horizontal lifts of curves with respect to a principal bundle connection exist.

Proof. w: P — I - G-principal bundle
- ThP - principal bundle connection
- v:J — I max. horizontal lift

- assume sup(J) = t; < sup([/)

choose any point p € P;

- there is horizontal curve o : (t — €,t +¢€) — P with o(t) = p
- for any ¢ in G: oy is also horizontal

- there is g in G such that v(t — €/2) = o(t — ¢/2)g

- can prolong v up to t + € with s — o(s)g

— contradiction to maximality of J

consider curvature
T e I'(P,A*m*T*B ® T*P)
- want to express this in terms of w
set
Q= dw + [w,w] € Q*(P, g)
- QXY) = X(w(Y)) = Y (w(X)) + (X, Y]) - [w(X),w(Y)]
Lemma 3.79. 1. RjQ = Ad(g~HQ
2. If X is vertical, then Q(X,Y) =0

3. w(p)(T(p)(X,Y)) = _Q(p)(thyh) fOT X, Y e TTI'(p)B
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Proof. use
- Ad(g) is Lie algebra auto of g
- Ryd = dR;

RQ = Ry(dw + [w,w])
— dRw+ [Riw, R;

= dAd(g " w + [Ad(g*
= Ad(g Y)dw + Ad(g!
= Ad(gHQ

Xing

w(X*) = X - constant function with value X

- XE(f) = () =0 Riepi) |
- [Xﬁ,Y] = (at)\t ODR;cp( X)
- Ry ((Y)) = Ry(w) (DR, (By(Y)))

- (Or)jt=0Ad(exp(tX)(Y")) = —[X, X]

AXLY) = XH(w(Y) - Y(w(XF) - w(XF, Y])+[ (Xﬁ),w
= X w(Y)) - Y(X) +w(X:Y
)

(O1) =0 Rexpexy (W(Y)) —
(Or) =0 Ad (exp(tX ) Jw
= X w)]+[X wY
=0

]

use that w vanishes on horizontal vectors:

QXYM = dw(XM V) = —w([X,Y])
- w(T(X,Y)) = w([X" Y")

(R:xp(tX) (Y))

w((Or)jt= oDRexp(tX)(Rpr(tx)(Y))) + [ X, w(Y)]
Y) 4+ w((0) 1= ODReXp(tX)(R:Xp x)(Y)))

(
~((O)em0 DR ) (R (V) +
)
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p: G — GL(V) any representation

- write also p : g — End(V) for derivative at e (Lie algebra homomorphism)

-P(V) := P xg V associated bundle

- define Q"*(P, V)" (horizontal and G-invariant sections) as the subspace of Q™*(P,V) of

sections with:

1. a(Xy,...,X,) =0if X is vertical

2. Rja = p(g7Ha

Lemma 3.80. We have a bijection between
QP VM S QM B, P(V)), w—o

such that

ab)(X1,...,Xn) = [p,alp)(X1,...,Xn)]

for any p € Py and lifts X; of X;

Proof. well defined:
- independent of choice of lifts:
— two lifts differ by vertical vector

— « vanishes on vertical vectors

- independent on p
-9 =pG
— can take lifts Rg7*)?i

— a(pg)(Rgs X1, ., Ry Xp) = plg™a(p) (X1, .., Xn)

= [pg, plg=")v] = [p, v]
inverse map:
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a(p)(Xlu o 7Xn) =7 Where
-a(Xy,. ., Xn) = [p, Z]
- Xi = T (X))

R¥ € Q%*(B,Ad(P)) correspond to €.

Definition 3.81. R¥ € Q?(B, Ad(P)) is called the curvature of the principal bundle con-

nection w

note: R“*% = R¥ + V AJ+[6,0]

3.2.3 Associated vector bundles

p: G — End(V) representation

- p(P) := P x¢ V - associated vector bundle

- apply p to the cocycle for P

identify section spaces T'(B, p(P)) = Q°(B, p(P)) = C>®(P,V)¢
-5 8

~recall §: P =V, RLS=p(g71)3

— get s back: s(b) = [p, 5(p)]

T"P - principal bundle connection

- define linear connection such that for X in X'(B)

Vs =X"(3)
checks

1. X"(3) corresponds to section:
— use that X" is invariant

— X" commutes with RZ
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- Ry(X"(3)) = X"(Ry5) = X"(p(g~1)(3)) = plg~ (X" (5))

2. (X,s) = Vxs is C*°(B)-linear in X: clear
3. (X,s) — Vxs satisfies Leibnitz rule: exercise

relation between curvatures:

have bundle morphism Ad(P) — End(p(P))

- P(p) : [p, X] = [p, p(X)]

— well defined: [pg, Ad(g™")(X)] — [pg,dp(Ad(g~)(X))] = [pg,p(g~")p(X)p(g™)]

[p, p(X)]
— extends to P(p) : Q?(B,Ad(P)) — Q*(B,End(p(P))

Lemma 3.82. We have the relation FV = P(p)(R¥)
Proof. Exercise!

~v:[0,1] = B - curve in B

- & horizontal lift an P

-t — [J(t),v] is parallel section of p(P) along =y

- the parallel transport ||7 : p(P),(0) — p(P)4(1) is given by

- [7(0), 0] = [3(1), v]

from vector bundle connection to principal bundle connection on frame bundle

- V linear connection on £ — B given

-pin Fr(E), n(p) =b

- can choose local section f: B — P such that
-fb)=p

- the section b’ — f(b)(v) € E is parallel in b

- define T)'P := Tf(T,B)

- check: this determines a principal bundle connection
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- under id(Fr(E)) = E get back V as associated linear connection

3.2.4 Quotients

M - manifold

G - Lie group

- G acts from the right on M

Definition 3.83. G acts freely if mg = m for some m in M implies that g = e.
Definition 3.84. G acts properly if M x G — M x M, (m,g) — (m,mg) is proper.
- properness is a topological propery

G acts on topological space M

in the following: G is a group acting from the right on a topological space

Lemma 3.85. The quotient map w: M — M/G is open.

Proof. the quotient is characterized by universal property
- it follows that topology of M /G is generated by the subsets U with 7—(U) open

- this is the maximal topology such that 7 continuous

consider W C M open

- want to show that w(W) is open

— enough to show that 7=1(7(W)) is open
—but 7Y (7 (W)) = Ugec Wy is open

— this last step uses that we consider quotient by group action and not an arbitrary

quotients by some equivalence relation ]

Lemma 3.86. If M is Hausdorff and G acts properly, then M /G is Hausdorff.

Proof. by contradiction:

consider m,m’ in M
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assume: they are not separated by open sets
- consider preimages m,m’

- for every V,V’ separating m, m’ in M
-VGNV'G#0)

—equiv: VNV'G # 1)

- consider decreasing families for such neighborhoods: (V;), (V/)
— get for every i:

-m; € V;, m, € V!, g; € G with mg; =m;

- conclude:
—m; —m
-m; —m/

- conclude: (m},m}g;) — (m',m)

— by properness of M x G — M x M: (m!, g;) has accumulation point (m’, g)

— by continuity: gm’ =m

— this implies: m' = m - a contradiction

Proposition 3.87. If G acts freely and properly, then the set M /G has a manifold structure

such that w: M — M /G is smooth and a G-principal bundle.

Proof. set B := G/M as topological quotient
- clarify general topological properties:
—m: M — B is open

— by properness of action: B is Hausdorff

— B is second countable

— (U;)i - countable base of topology of M
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— (7(U;G)); is a countable base of topology of B

— B is paracompact
— we will show that B is locally euclidean:
— in particular it is locally compact

— a locally compact second countable Hausdorff space is paracompact

construct vertical bundle:
-Xe€g
— for every m in M:

- g2 X — XF(m) is injective

— here is the argument:
— if X#(m) = 0, then (by uniqueness of integral curves) m exp(tX) = m for all ¢

— by freeness of action: exp(tX) = e for all ¢

— apply (Of)j=0: X =0

- define TYw C TM to be generated by the values of fundamental vector fields
— has constant rank dim(g)

— 1s a subbundle

-beB

— construct chart of B at b

— choose m € M,

— choose vector fields Y7, ..., Y, near m complementary to TVmw at m
— there exists nbhd 0 € U C R" such that

— H(t1,...,t,) = CI%” o -~-o<I>Z1(m) is defined for (¢1,...,t,) € U

consider G-equivariant map F : U x G — M given by (t,g9) — H(t)g
claim: TF(0,e) is isomorphism:
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- TF(0,€)(8;) = Yi(m)
- TF(0,e)(X) = Xt(m)

- one can choose U and e € V C GG such that F : U x V — M is diffeomorphism
- claim: can make U smaller such that F' : U x G — M is diffeomorphism into image
— differential DF is isomorphism (by G-invariance calculation at m implies same at mg)

— enough to show first: this map is injective

— otherwise: find sequences (x;), (2}) in U and (g;), (g;) in G such that
— (x4, 9i) # (2, g;) for all ¢

— set h; :=g; ¢!

— then by equivariance: F(xz;,e) = F(z}, h;)

— H(x})h; = H(z;) — m converges

— by properness h; — h (after going to subsequence)

— get mh =m

— by freeness: h =¢

— but then (z;,e) and (a7, h;) belong to U x V for large ¢
— conclude x; =z}, h=e

— (zi,9i) = (x, g}) for large i - contradiction

define chart ¢ of B near b = [m]| by:

o)) = pry(F~1(m))

- is independent of choice of representative of [m]

- is continuous: ¢~1(W) = pr, (7 ~1(W)) is open since 7 is continuous and pr; is open.

- its inverse is ¢t — 7 o H(t) is also continuous
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transition functions
define ¢’ similarly using F’
- ¢'(¢71(t)) = pry(F"~'(H(t))) is smooth

Example 3.88. G- Lie group
P — B - G- principal bundle
-B=P/G

- p: G — GL(V) - representation
- G acts on P x V by (p,v)g — (pg, p(g™")v)
-PxV = (PxV)/G=P xqg,V is G-principal bundle

O

Corollary 3.89. If G is compact and acts freely on M, then we have a G-principal bundle
M — M/G.

Corollary 3.90. If G is a closed subgroup of a Lie group H, then we have a G-principal
bundle H — H/G.

here we use ”Cartan’s Theorem”: A closed subgroup of a Lie group is a submanifold.

Example 3.91. many interesting manifolds arrise as quotients in this way

1. GL(V)/O(V,R") - manifold of scalar products on V'

2. SO(n +1)/SO(n) = S™ - oriented lines in R"**!

3. U(n+1)/U(n) x U(1) = CP" - lines in C**!

4. O(n+m)/O(n) x O(m) = Gr(n,m) - n-planes in R"*™

5. U(n)/U(1) x -+- x U(1) - manifold of decompositions C" = L; @ --- @ L,, into lines

nx

98



4 Riemannian geometry

4.1 Connections on the tangent bundle

M manifold

- consider connections V on T'M

- have torsion tensor

~TV € Q*(M, TM): T(X,Y)=VxY —VyX — [X,Y]

- we say that V is torsion-free if TV = 0

- for w € QY(M, End(TM))

- TVH(X,Y) =TV(X,Y) +w(X)(Y) —w(Y)(X)

Example 4.1. V - any connection on T'M

- V':=V — 3TV is torsionfree:

- interpret: TV € QY (M, End(TM))

STV(X)(Y) = TY(X,Y)

- VY =VxY - ITV(X,Y) O
Definition 4.2. A Riemannian metric on M is a metric g on TM. A Riemannian man-

ifold is a pair (M, g)

Proposition 4.3 (Levi-Civita connection). On a Riemannian manifold there exists a

unique connection which is compatible with the metric and torsion free.

Proof. uniqueness: V,V’ two such connections

-V =V+uw

- torsionfreeness of both: w(X)Y —w(Y)X =0

- compatibility with metric: g(w(X)Y, Z2) = —g(Y,w(X)Z)

— will show: these two conditions imply that w =0
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— calculate for arbitrary X,Y, Z:

gw(X)Y,2) = gw(Y)X,2)

= —g(X,W(Y)Z)
= _g(X7w<Z)Y)
= gw(2)X.,Y)
= g(w(X)Z,Y)
= —9(Z,w(X)Y)
= —gWw(X)Y,2)

— hence g(w(X)Y,Z) =0 for all X,Y,Z

— this shows that w =0

existence:

want to define VxY by :

—g([X, Z],Y) - g([Y, Z]7X) +g([X7 Y],Z)

here X,Y,Z € X(M)
- claim: VxY € X(M)

- must check C°°(M)-linearity of r.h.s. in Z:
— insert fZ:
— terms which derive f: X(f)g(Y,Z2)+Y(f)g(X,Y) - X(f)9(Z,Y)—-Y(f)9(X,Z) =0

— must check C*°(M)-linearity of r.h.s. in X:
— insert fX:

— terms which derive f: Y(f)9(X,Z) — Z(f)g(X,Y)+ Z(f)g(X,Y) =Y (f)g(X,Z) =0
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— must check Leibnitzrule of r.h.s. in Y:
— insert fY:

— terms which derive f: X(f)g(Y,Z) — Z(f)g(X,Y) + Z(f)g(X,Y) + X(f)g(Y,Z) =
2X(f)g(Y, 2)

— this the expected term
have now well-defined connection V

compatible with metric:
- use vector fields with vanishing commutator

- 29(VxY, Z) + 29(Vx 2,Y) = 2Xg(Y, Z) ok

torsion free :
- use vector fields with vanishing commutator
29(VxY,Z) —29(VyX,Z) =0 ok
O

Definition 4.4. The connection described in Prop. [{.3 s called the Levi-Civita connection.

Example 4.5. (M, ¢g) Riemannian

- VM _ Levi-Civita connection

-4 : N C M submanifold

- ¢V := Di*g is Riemannian metric

- P:9*TM — TN orthogonal projection

Lemma 4.6. PVM s Levi-Civita connection on N.
Proof. P is orthogonal

- PVM is compatible with metric

— locally near N have product structure: R™ x R™~" such that N corresponds to R™ x {0}
- X, Y € X(N)
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— can extend to X,Y in M (constant in R™ "-direction)

~ then [X, Y] has values in TN

TPYY(X,Y) = PViV —PVyX —[X,Y]

Example 4.7. (R™, g¢,) is Riemannian manifold
- Jeu- - canonical metric

- VTV is Levi-Civita connection

N C R™ submanifold

-1: N — R™. - inclusion

-Di: TN — i*TR™

- 1*gey, =: ¢ is induced Riemannian metric
- PVYY is Levi-Civita connection

— is the tangential component of the derivative

historically important observation:
- a priori: the connection PV depends on the embedding

- Levi-Civita: (1917 for surfaces) PV only depends on induced metric, but not on

embedding
— we already know this

- later generalized by Weyl

notation for curvature R := FY € Q%(M,End(TM))

- note R(X,Y) is antisymmetric since V is compatible with metric
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4.2 The Riemannian distance

(M, g) Riemannian
-7 :[0,1] = M path
—~":10,1] = TM speed

Definition 4.8. The length of v is defined by
1
() = [ Va7 Oat

properties of the length:

Lemma 4.9.

1. U(v) is reparametrization invariant.
2. £(v°P) = L(v)

3. £(voim) = L(y0) + £(n)
Proof. Exercise:

assume: M is path-connected

- write v : m — m’ for path from m to m’

Definition 4.10. We define d: M x M — [0,00) by

d(m,m’) == inf £(vy) .

y:m—m’

Lemma 4.11. d is a metric on M which defines the topology.

Proof.
d(m,m) =0

- use constant path
d(m,m') = d(m',m)

103



- use £(P) = £(7)

d(m,m") < d(m,m"”) + d(m”,m")
-if yo:m — m” and 1 : m” — m, then 1y : m — m”

— (mfv0) = £(v0) + ()

— but we have more path’s from m to m’ to approximate d(m,m’) which do not go over

m/l

consider chart ¢ : U — R", ¢(m) =0

- have Euclidean metric dg,, on U (induced via ¢)

— Claim: There exists a constants ¢, C > 0 such that cde, (m, m') < d(m,m’) < Cdey(m, m').
— this implies assertion about topology

— both metrics define the neighborhood filter at m

define || X||? using ge.
- by continuity and local compactness after making U smaller:

— there exists C,c > 0 such that: ¢2||X|? < g(z)(X,X) < C?|| X|? for all X

zelU

assume that By_, (0, ||z||) CU

- upper estimate:

- take linear curve 7(t) := tx from 0 to x

d(0,2) < Jy /9O 0,7 D)dt < [y Vg(tz)(w,2)dt < [5 Cllalldt = C|l]

lower estimate

-7v:0—zin U any curve

— first inequality below:

— straight curves are shortest in euclidean space

— mean value theorem

104



1 1
—cllzll <c fy IV ®Olldt < [y a(y' (£),'(t))dt = £(7)
- every curve which leaves U is even longer

— minimize over all v: ¢||z| < d(0, )

this also shows that d(m,m’) = 0 implies m = m/

Question:
- can the distance be realized by a curve?

- how can one characterize such a curve?

4.3 Geodesics

(M, g) - Riemannian
v:[0,1] = M
Definition 4.12. The energy of v is defined by

1
E(y) = /0 o (7 (£).+'(B)dt

no square root

Cauchy-Schwarz: ((v) < \/E(7)

- equality if g(v/(¢),~'(t)) = const

— in this case g(¥'(t),7(t)) = £(v)?

a family of curves with fixed ends is a smooth map ~ : I x [0,1] — M such that y(u,0)
and y(u, 1) are constant

-here I CR

- write y(u, t) := Y, (t)

Definition 4.13. v is critical for E if for every family of curves with fixed ends (vyu)uer

with v = v
(au)lu:OE(Vu) =0.
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V - Levi-Civita

Proposition 4.14. v is critical for E if and only if
Vat’y,(t) =0.

Proof. write 0,y = ~*

use that V is compatible with metric and torsion free

1
(O)ucoE(r) = / (O g (VL (1), 7. (1))t
1
= 2 oVl @)t
v_ 1
T / 9(Vo,H(5),'(£))dt
1 1
= t/ @gbﬁﬁ%v%ﬂﬁ#—l/ g(¥(t), Vo, (t))dt
0 0
1
= ﬂ%n@%—ﬂ;ﬂﬁﬁ%vaﬁﬁﬂﬁ

1
_ /O g (1), Vo, (1))t

- can arrange (7,) such that 4* is arbitrary vector field along ~
—in chart v, = v + uy?
— globally glue using partition of unity

- conclude Vj,v'(t) = 0 as necessary and sufficient condition

Definition 4.15. A curve v in M satisfying Va,y' = 0 is called a geodesic.

- in ccordinates
- — Vtriv +w

= Vo, =0 +w(v(1)(Y (1))
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— Va7 is equation: 9" +w((t))(v'(£))(7'(t)) = 0
— is second order ODE

— in ccordinates:

— set Fé’kai = w(05)(0k)

~ ODE: 7" = —T% 7%

corresponds to vector field S € I'(T'M,T(TM))
- S is called the geodesic spray

— in coordinates

—xof M

— (z,&) of TM

- S5(z,8) = (& —w(@)(£)(€))

— solution of geodesic equation uniquely determined by 7/(0) € TM

Lemma 4.16. A geodesic has constant (absolute) speed

Proof.
v - a geodesic
- 09(v',7") =29(Voy', 7)) =0
O

- for every X in T'M there exists maximal interval [0,a(X)) such that the geodesic with

initial condition X exists

— scale invariance

—if v : I — M is geodesic, then y(st) : s7'T — M is also one
— for a < a(X)

— then t — 7y(at) : [0,1] — M exists with 7/(0) = aX
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Corollary 4.17. There exists a mazimal neighbourhood U of the zero section of T M such
that for every X € U there exists a geodesic v~ : [0,1] — M with vX'(0) = X. This

geodesic is unique

Definition 4.18. The map exp : U — M, X + v%(1) is called the exponential map.

for m in M write exp,,, : (U NT,,M) — M for the restriction

Lemma 4.19. exp,, is diffeomorphism near 0

Proof. - X € T,, M

- interpret X in Ty(T,, M)

— T'exp,, (X) = (Or) =0 exPp, (1 X) = X
- Dexp,,(0) = idr,, m

- in particular: is invertible

- exp,, is called exponential chart/coordinates

- t — exp,, (tX) is geodesic with 4'(0) = X

Example 4.20. (R", gey,)

- Levi-Civita connection is V%1

-z in R”

- X in T,R* = R"

- geodesic with initial condition (x, X) is y(t) ==z +tX
— indeed: 7/(t) = X

- VEG(9) =0
Exponential map: exp(z)(X) =z + X O

Example 4.21. S2 C R?

- induced metric:
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- claim: big circles are geodesics

consider w.l.o.g. S? N {z = 0} parametrized as v(t) = (cos(t),sin(t),0)
-4 (t) = (—sin(t), cos(t), 0)

- Vo (t) = PVEYE 5/ (1) = P(= cos(t), — sin(t),0) = 0

— vector points perpendicular to sphere

consider circle of latitude

o(t) :== (V1 — h2cos(t), V1 — hZsin(t), h)

o'(t) = (=v1 — hZsin(t), V1 — h2 cos(t),0)
- VBVo/(t) = (=1 — h? cos(t), —v/1 — h2sin(t), 0)
- PV5Mo'(t) # 0 (h-component is missing) -

)
(
— 0 is not a geodesic

4.4 Families of geodesics and Jacobi fields

want to understand 7T exp,,
- (Xu)u - family of vectors in T,, M
- (t = exp,, (tX,)) - family of geodesics

- want to understand vector field (9y)jy—o €Xp,,(tXy) as function of ¢

(Yu)w - family of curves

- smooth map I x J — M, I, J intervals

Definition 4.22. (v,), is a family of geodesics if v, is a geodesic for every u in I.
notation:

-~/ - derivative by t

— ~F - derivative by u

- interpret formulas on pull-back of TM to I x J
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i Tl '
Vo, Va,y = Vo, Vo, v
R
= Vo,VoY +R(Y, Y)Y
VO Ry A

v : 1 — M - geodesic

Definition 4.23. A section J € T'(I,v*TM) is called a Jacobi field if it satisfies the ODE

Vo, Vo, J — R(,J)y =0.

- second order linear ODE

- space of Jacobi field is 2n-dimensional with n = dim(M)

-fixtgel

- Jacobi field Y is uniquely determined by J(to) and (Vy,J) (o)
Example 4.24. Jacobi fields in R"”

- () =X

-fixY,Z in R™

- then J(t) =Y +tZ is Jacobi field

-in fact tX + w(Y +tZ) = t(X + Z) + uY is family of geodesics
- alternatively: check ODE

O

Lemma 4.25. T'exp,,(X) : TynM — Toyy, (x)M is the linear map which sends 'Y in T,,, M
to the value of the Jacobi field J at t =1 along t — exp,, (tX) with initial values J(0) =0
and Vy,J(0) =Y.

Proof. consider J 1=t T exp,,(tX)(Y) = (0u)ju=0 Xy, (t(X + uY))

- is Jacobi field J with

- J(0) =0 (set t = 0 and differentiate by u)
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- Vo, J(0) = (Va,)jt=0 (1T exp,, (tX)(Y)) = Y
evaluate map at 1 O

Definition 4.26. (M, g) has negative/positive curvature if £g(R(X,Y)Y,X) < 0 for all
m in M and lin. independent X,Y € T,,M.

Proposition 4.27. If (M, g) has non-positive curvature, then T exp,,(X) is an isomor-

phism for every X in the domain of definition.

Proof. suiffices to show injective
- by contradiction:

— assume:

— exp,,(X) define
~Texp,,(X)(Y)=0,but Y #0

~(t) := exp,, (tX) geodesic

- there exists Jacobi field J with
- (0) =

-V, J(0) =Y

- (1) =

calculate

- scalar multiply ODE for J with J

0 = Q(Vatvap], ‘]) - g(R(/ylv J)’ylv J)
atg(vat Jv J) - g(vat Ja vat J) - g(R(’ylv J)’ylv J)

integrate from 0 to 1
-0 =g(Vid, D§— Jo 9(Va,J, Vo, J)dt — [ g(R(Y, J), J)dt

- use:
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— 3 9(Va,J,Va,J)dt > 0 (since Vo, J(0) # 0)

—use J(0)=0, J(1)=0

— get fol g(R(Y, JJ)J,~")dt >0

- contradicts non-positive curvature O
Corollary 4.28. Assume that (M, g) has non-positive curvature. If U C T,,M is in the
domain of definition and (exp,, ) is injective, then it is a diffeomorphism into its image.
Example 4.29. R" is flat

- curvature is non-positive

- exp(0)(X) = X

- is diffeomorphism

T" := R"/Z"

-7 : R™ — T" projection 7(z) = [z]

- Ty R = T, R™ via T'r(x)

- expyy) (dm(2) (X)) = 7(exp, (T'n(2) "1 (X)) = m(z + T (2)~ (X))
- T'exppy) = Tm(x) o T exp(x) o Tr(x)~! is isomorphism for all x

- €xpy, is not injective

O
Example 4.30. S? in R3
N = (0,0,1) - northpole
- exp,,(7X) = S = (0,0, —1) for every unit vector X in T S?
- T'exp,,(7X) = 0, in particular not injective
- but S? has positive curvature - hence not contradiction O

4.5 Gauss lemma

geodesic balls
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- T;n M has metric g(m)
— write || — || for length
— use this metric to define ball B(0,r) :={X € T,, M | | X|| < r}

- assume: 7 > 0 such that exp,, is defined and diffeomorphism on B(0,r) in T, M
v - geodesic

- J Jacobi field along ~

Lemma 4.31. We have g(J(t),~'(t)) = tg(Va,J(0),7'(0)) + g(J(0),~'(0)).
Proof. - scalar product of ODE by ~':

—use g(R(v,J)Y',+") = 0 by antisymmetry

—get g(Vo, Vo, J,7') =0

~0=09(Vo,J,") — 09(Vo,J, Vo) = 0g(Vo,J,7)

hence ¢(Vy,J,7') is constant in ¢

- again: g(Vo, J,7') = 0g(J,7')

- hence g(J(t),7'(t)) = tg(Vs,J(0),7'(0)) + g(J(0),7'(0))

Corollary 4.32. For every X in B(0,7) and Y € T,, M we have
9(T exp,,, (X)(Y), T exp,,, (X) (X)) = g(Y, X)) .

Proof. geodesic t — exp(m)(tX)
- apply Lemma to Jacobi field with J(0) =0, V,J(0) =Y

-evaluate at t =1

T exp,, preserves scalar products with radial vectors

assume: 7 > 0 such that exp,, is defined and diffeomorphism on B(0,r) in T, M

Proposition 4.33.
1. For every s € (0,r) the subset exp,,(S(0,s)) is the metric distance s-sphere at m
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2. exp,,(B(0,7)) is the metric ball at m of radius r in M.

3. For X in B(0,r) the curve t — exp,,(tX) realizes the distance between m and
exp,, (X).

4. If o 1 [0,T] is any curve from 0 to exp,,(X) with £(c) = || X||, then o(t) = exp(f(t)X)
for f:]0,T] — [0, 1] monotoneous.

Proof. 1 = 2 is clear

show 2
- if || X|| < s, then d(m,exp,,(X)) < || X]|| <s
- hence exp,,(X) & exp,,(5(0,s))

-take s < s < r

- assume that m’ € M \ exp,,(B(0,s))

Lemma 4.34. We have d(m,m’) > §'.
- hence d(m, m') = s implies m € exp,, (5(0, s))

Proof. ~ - curve from m to m’

- a maximal such that v([0,a]) = {m}

— last time that v meets m

- b minimal such that v(v) € exp,,,(S(0,s))

— first time of exit the s’-Ball

- 0 = exp! (Y (a )

— a curve from 0 to the s’-sphere in T;,, M (0 excluded)

- write g(m) as (—, —) (scalar product on T,, M)

- express o(t) in polar coordinates (for t € (a, b))
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- o(t) = p(t)E(H) , £() wnit vector, p(t) = o (8)]
— £(t) is well-defined since o(t) # 0 since t > a

-0l =pl¢+pt!

- define vector field Z(X) = X/|| X|| on T,, M \ {0}

— is radial unit-norm

—&(t) = Z(a(t))

(Z(a(t),0'(t)) = (&(1), p (D)E(t) + p()€'(2)) = p'()(E(1), £(1)) = p'(2)
here we use: 0 = 9,(£(t),&(t)) = 2(&(¢), £ (t))

- Z - image under exp,, (B(0,r))

- also unit-norm, since T exp,,, preserves length of radial fields

- by Gauss Lemma and since Z(v(t)) is radial at v(¢):

—9(Z(v(1), 7' (1)) = (Z(a(t)), 0" () = p'(2)

— use that Z has unit-norm for second inequality (Cauchy-Schwarz)

(y) = L(Vap) (3)

- v was aritrary

-d(m,m') > ¢
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- see that exp,,(S5(0,s)) is s-distance sphere in M at m.
3:

clear: ((t — exp,,(tX)) = || X||

— constant speed || X ||

— d(m, exp,, (X)) = || X]| by 1. since X € S(0, X)

4:

v :m — exp,,(X) with length || X||
- 0 < a - last time with y(a) =0

- write 1(t) = exp,, (p(HE(H))

- Cauchy-Schwarz

X1 =€)

T

> / (0D, o (D)t
CLT i

> / d(Z(' (1)), o' (1)) dt

0

T

= / o (t)dt
0

= [IX]

conclude: second inequality is equality

~ V(' (1),0' (1)) = 9(Z(o'(t)), 0" (t)) for all ¢

— hence by converse of Cauchy-Schwarz in equality case:

— conclude o/ (t) ~ Z(o(t)), i.e. o’ points in positive radial direction
— solve f'(t)Z(a(t))||X|| = o'(t) for f

— f is monotoneous

— with initial condition f(T") =1

- then exp,,(f(t)Y) = o(t) for t € (a, T
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— since exp,, (f(T)X) = exp,,(X) = o(T)
- Beexpy, (f()X) = F(OIX[1Z(a(t) = o'(t)

conclude further: o is constant for ¢ < a (otherwise this piece contributes to length)

-set f(t) =0 for t € [0,qa]

me M

Lemma 4.35. There exists an open neighbourhood m € W C M and r > 0 such that
(exXPy)|B(0,r) 15 @ diffeomorphism for all m’ € W

Proof. U C TM open domain of exp

consider map f: U — M x M

-U 3 X = (m(X), exprix)(X))

-0—->T,M — Ty, (TM) — T,,M — 0 exact
— first map vertical embedding i

— second map T (m)

- choose split s : T, M — Tp,, (M)

A (O)(5(Y) + (X)) = (¥, X + A(Y)

- A - some linear map

— df (0,,) is upper triangular, hence invertible

— f is diffeomorphism on neighbourhood U’ C U of 0,,

- choose » and m € W such that

— r-ball-bundle over W is in U’ O
m,m’ in M

~v:m — m' curve

on [0,7]
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Lemma 4.36. If ((y) = d(m,m’), then at every t € (0,T) there exists € > 0 such that
0<t—candt+e<T and(t+s) = exp,u(f(s)X) for some vector X in T\ M for all
s € (—e¢,€).

Proof. forany 0 <a<b<T

Y|(a,p) Tealizes distance between «(a) and (b)

- otherwise could shorten path from m to m/

fix t
- can find r > 0 and s > 0 such that (exp,,/) p(o,s) is diffeomorphism for all m’ in B(0,)
- take € so small that
~0<t—e<t+e<T
Ayt — 9t +e) < 8
— conclude: 7|(4_¢ t4¢) is reparametrized geodesic
— X is tangent at of this geodesic when it hits ()
O

Corollary 4.37. If v is a constant speed curve which realizes the distance between its

endpoints, then it is a geodesic.

4.6 Completeness

M, g) - Riemannian manifold assume: connected
g

- have metric d

- (M,d) is metric space

— have notion of completeness
Definition 4.38. M is metrically complete if (M,d) is a complete metric space
Definition 4.39. M is metrically proper if (M,d) is a proper metric space

Example 4.40. M compact - then metrically complete
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(R™, d) is complete
O
Definition 4.41. (M, g) is called geodesically complete at m if the exponential map exp,,

is defined on all of T,,M. It is geodesically complete if it is geodesically complete at all

points.

- geodesically complete means: for every X in T M the geodesic with initial condition X

exists on all of R

Theorem 4.42 (Hopf-Rinow). Assume that M is connected. The following assertions are

equivalent.

~

. (M, g) is geodesically complete.

2. (M,g) is geodesically complete at a point m.
3. The balls B(m,r) are compact for all r > 0.
4. (M, g) is metrically proper.

5. (M,d) is metrically complete.

In this case the distance between every two points in M can be realized by a curve (which

can be taken as a geodesic).

Proof. proof shema:

1=2=3=4=5=1

and 2 = realization of distance (is used for 2 = 3)

1=2

trivial

3= 4:

- consider B(m/,r’)
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- it is contained in B(m, ' 4+ d(m,m’))

- closed subset of compact, hence itself compact

4=5:

(m;)ien - Cauchy sequence

- sup,; d(m;, m) < 0o

- sequence is contained in compact B(m,r) for r sufficiently large

- Cauchy sequence has accumulation point

5= 1:

- by contradiction

- (M, g) not geodesically complete

— take X in T'M such that maximal geodesic v with inital X defined on [0, T
— ~/([0,T7]) is not relative compact by ODE-theory
— but g(v/'(¢¥),~'(t)) = g(X, X) for all ¢

— for any sequence 0 < t, 1T

— (y(tn)) is Cauchy sequence in M

—use: d(Y(tn), ¥(tm)) < [tn — tm|

— has limit in M by metric completeness

— conclude: +/([0,T) is relatively compact

— contradiction

must show
2=3:

Lemma 4.43. If (M, m) is geodesically complete at m, then every two points can be con-

nected by a distance-realizing geodesic.
Proof. choose 7 > 0 such that (exp,,)|p(,2r) is diffeomorphism
m’ in M
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if d(m,m’) < r: write m’ = exp,,(X)

- t +> exp,, (tX) is geodesic m — m' which realizes distance

assume now d(m,m’) >r
- choose sequence (vk)gen of curves v : m — m’ with: £(v) — d(m,m’)
- define ¢, € (0,1) first time with d(m, vk (tx)) =7

- by compactness of S(m,r): take subsequence - can assume v (tx) = ¢ in S(m,r)

- d(m,m") < d(m, y(te)) + d(y(tr), m") < ()
-k — 0 gives

—d(m,m’) =d(m,q) + d(q,m’)
- chose unique unit vector X € T,,M such that ¢ = exp,,,(rX)

- consider curve v : [0,d(m,m’)] = M , v(t) := exp(tX)

— it exists by assumption of geodesic completeness at m

- define subset I C [0, d(m,m/)]

I:={t € [0,d(m,m)] | d(m,y(t)) =t & d(m,~(t)) + d(v(t),m) = d(m,m")}

-know r el

- claim: sup I = d(m,m’)

assume claim:

)
)
— hence y(d(m,m’)) =m

- 6(7) = d(mv m/)

) =d(m,m’)

- d(mvv(d(ma )
d )+ d(~(d(m,m')),m") = d(m,m’), hence d(~y(d(m,m)),m') =0

m’))
- d(mvfy( (ma m’ )

/

— hence 7 realizes distance between m and m/

proof of claim:
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- by contradiction:

—t:=supl < d(m,m’)

— know: r <t

-p:=1()

— consider s > 0 such that t 4+ 2s < d(m,m’) and (expp)|3(0’25) is diffeomorphism
— find = (as above) in S(p, s) such that d(p,z) + d(z,m’) = d(p, m’)

—let Y € T, M be unit vector such that exp,(sY) =z

d(m,z) < d(m,p)+d(p,z)
= d(m,p) +d(p,m’) — d(z,m’)
= d(m,m') —d(p,m") + d(p,m") — d(z,m’)
= d(m,m') —d(z,m’)
(m

< d
hence d(m,z) = d(m,p) + d(p,x) =t+s

set o(t) = expp(tY)

- €(7|[0,t}) = d(m, p)

- U(oj0,¢) = 8

— 0 :=0,q80))0,s) realizes distance between m and x
~ this implies that Y = +/(t) by Lemma [4.36]

— hence z = y(t + s)

—t+ s € I contradiction

2=3:
min M

-r>0
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- must show: B(m,r) is compact

(my)ken sequence in B(m,r)

- vk : m — my, geodesic on [0, 1], distance realizing

set Xy 1= 7;.(0)
- eXpm(Xk) = mg

- || Xg|| < r for all k

- assume after passing to subsequence: X3 — X by compactness of B(0,r)
-1 X[ <7

— then exp,,(X) =m' € B(m,r)

— myg = exp,,(Xx) = exp,,(X) =m/

thus (mg) has converging subsequence

4.7 Properties of the Riemannian curvature

(M, g) - Riemannian manifold

- V - Levi-Civita connection

- ReT(M,A*T*M ® End(TM)?) curvature

—recall: R(X,Y)(Z) <:=VxVyZ —-VyVxZ — VixyZ

Remark 4.44. in some books R is defined with the opposite sign
define R € T'(M,A’T*M ® A*T*M)
R(X,Y,Z, W) :=g(R(X,Y)Z,W)
Lemma 4.45 (First Bianchi identity). R(X,Y)Z + R(Y,Z)X + R(Z,X)Y =0
Proof. use torsion freeness
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- extend X, Y, Z to local fields, vanishing commutator,

R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y
= VxVyZ —-VyVxZ+VyVzX —-VzVy X +VVxY —VxVzY
= VxVzY —VyVzX +VyVzX —VVxY +VVxY —VxVZY
= 0

Lemma 4.46 (Second Bianchi identity). VAR =0
Proof. special case of Bianchy for linear connections

for fields X, Y, Z with mutually vanishing commutator 2. Bianchi means:

- VxR(Y, Z) + VyR(Z, X) + VzR(X, Y) =0

Lemma 4.47. R(X,Y,Z, W) = R(Z,W,X,Y).

Proof. antisymmetrie in X,Y + first Bianchy
R(X,Y,Z,W)=—-R(Y,X,ZW)=R(X,Z,Y,W)+ R(Z,Y, X, W)

antisymmetrie in Z, W 4 first Bianchy
R(X,)Y,Z,W)=—-R(X,Y,W,Z)=R(Y,W,X,Z)+ RW,X,Y, Z)

add

2R(X,)Y, Z,W)=R(X,Z,Y, W)+ R(Z,Y, X, W)+ RY,W, X, Z)+ R(W, X,Y, Z)
also

2R(Z,W, X,Y)=R(Z, X, W,Y)+ R(X, W, Z,Y)+ RW,Y, Z, X))+ R(Y, Z, W, X)

compare term by term + use antisymmetries

hence R € T'(M, S?(A2T*M))
consider linear map R(X,—)Y : TM — TM
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Definition 4.48. The Ricci curvature is defined by Ric(X,Y) = —Tr(R(X,—)Y).
Lemma 4.49. We have Ric(X,Y) = Ric(Y, X)
Proof. (e;) - ONB

Ric(X,Y) = -, R(X,e;, Y, ¢;)

- symmetry now obvious O
Definition 4.50. The scalar curvature of M is defined by S =), Ric(e;, e;).

Example 4.51. Einstein equation

Definition 4.52. g satisfies the Einstein equation if Ric = A\g for some A € C*°(M).

Lemma 4.53 (Schur). If n > 3 and g satisfies the Einstein equation, then X is constant.

Proof. calculate at point
use fields whose derivative vanish in this point
- then commutators also vanish (torsion freeness)

- use second Bianchy

URic(X,Y) = > g(VuR(X,e)e;,Y)
- _ZZ d(VxR(e;,U)e;,Y) — g(Ve, R(U, X)e;, Y)
= - Z Xg(R(ei,U)e;, Y) — eig(R(U, X )e;, Y)
= XRZic(U, Y) + eig(R(U, X)Y, e;)
set X =Y = e; and sum

US = ejRic(U,ej) + e;Ric(U, e;)
= 2e¢;Ric(U, e;)

insert equation Ric = Ag and get:
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S U = 26;(Ng(U, ;) = 2U(\)
~(n=2)UN\) =0

—use n # 2

— conclude: U(A) =0

Definition 4.54. A metric satisfying Ric = Ag is called an Finstein metric.

is a second order non-linear PDE for ¢
_ S
-a=2
- field equation of general relativity
Given M: does M admit an Einstein metric?

not much known in general, many examples

Example 4.55. if (M, g) is Einstein, then S = nA is constant
famous question:
Given M: does M admits a metric with S > 0

much is known

H CT,,M 2-plane

choose X,Y € H orthonormal

Definition 4.56. The sectional curvature of M in direction H 1is defined by

K(H) := R(X,Y,Y,X) .

independent of choice of X,Y, depends only on H
- second choice

-X'=aX +bY
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-Y' =—-bX +aY
- with a2 + b2 =1

RX'Y'Y' X') = R(aX +0bY,—bX +aY,—bX +aY,aX + bY)
= d’R(X,Y,-bX +aY,aX +bY) — b’R(Y, X, —bX +aY,aX +bY)
= R(X,Y,—bX +aY,aX +bY)
= R(X,Y,Y,X)

consider V- an euclidean vector space
Re Vet

algebraic symmetries of the curvature tensor

1. R(X,Y,Z,W)=—R(Y,X,Z,W)
2. R(X,Y,Z,W)=—R(Z,W,X,Y)

3. RX,) Y, ZW)+ R(Y,Z,X,W)+ R(Z, X, Y,W)=0
note that then also R(X,Y,Z, W)= —-R(X,Y,W, Z)

for X, Y € V define K(X,Y) := R(X,Y,Y, X)

- this is quadratic in X and Y

Lemma 4.57. The K determines R. If R, R € V*®* satisfy the algebraic curvature
identities and K(X,Y) = K'(X,Y) for all X,Y €V, then R=R'.

Proof. polarize in X

RX+ZY,X+TY)=RX,)Y,X,Y)+ R(T,Y,T,Y)+ 2R(X,Y, Z)Y)
- use symmetry for last term

same with R’

B get R(Xa}/vZaY) = R/(X7Y7 Z,Y)
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polarise in Y

RIX,)Y+W,ZY+W)=R(X,Y,Z,Y)+ R(X, W, Z W)+ R(X,Y,Z, W)+ R(X,W, Z,Y)
- no symmetry anymore

get

R(X,Y,Z,W)+ R(X,W,2,Y)=R(X,Y,Z,W) + R(X,W, Z,Y)

or

R(X,Y,Z,W) - R(X,Y,Z,W) = R(X,W,Z,Y) — R(X,W, Z,Y)

or

R(X,Y,Z,W) - R(X,Y,Z,W) = R(Y,Z,X,W) — R(Y, Z,X,W)

R(X,Y,Z,W)— R(X,Y,Z, W) is invariant under cyclic permutations of X,Y, Z

use first Bianchi 3(R(X,Y,Z, W) - R/(X,Y,Z,W)) =0
O

Lemma 4.58. Assume that R € V*®1 satisfies the algebraic curvature identities. If
K(X,Y)=k|X|*|Y|? for all X,Y with X LY, then

R(X,Y, Z,W) =k ((Y, Z)(X, W) = (X, Z)(Y,W)) .

Proof. RHS satisfies with Y = Z and X =W
k(Y Y)(X, X) — (X, Y)(Y, X)) = k| X|?|Y]|?

also satisfies curvature identities:

- antisymmetry in X,Y: inspection

- symmetry for exchange (X,Y) < (Z, W): inspection
- antisymmetry in X, Y: inspection

- first Bianchy
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apply Lemma [£.57] O
Remark 4.59. assume R(X,Y, Z W) =k (Y, Z)(X, W) — (X, Z)(Y,W))

Ric(X, W) = k(3_; ((Ei, Ei)(X, W) — (X, Ei)(Ei, W)) = k(n — 1)(X, W)

R =kn(n—1) O

Definition 4.60. We say that the sectional curvature of (M,g) is constant at m if H —
K(m)(H) is constant.

Corollary 4.61. If the sectional curvature of M is constant at each point m in M, then

S

R(X,Y,Z,W) = TR

(Y, 2)(X, W) — (X, 2){Y, W))
for some constant S (equal to the scalar curvature).

Proof. at every point m:

apply Lemma [£.58|
- R(m)(X,Y,Z, W) =k(m) (Y, Z){(X,W) — (X, Z)(Y,W))

- Ric(m)(X, W) = k(m)(3_; (B, Ei) (X, W) — (X, E;)(Ei, W)) = k(m)(n — 1)(X, W)
- hence (M, g) is Einstein and k is locally constant by Lemmam

S =kn(n —1) (S - scalar curvature)

this gives formula
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Example 4.62. 1. (R", ge,) has constant sectional curvature 0.
2. (8™, ggn) (unit sphere in R"*1) has constant sectional curvature 1.

3. H :={(z,y) € R ! xR | y > 0} with metric: y~2ge, (the hyperbolic space, upper
half-space model) has constant sectional curvature —1.

the calculations for the last two examples can be done directly, but are lengthy

- easier by using some theory a

4.8 Isometries and second fundamental form

(M,g), (M',¢') - Riemannian manifolds
f:M—M

Definition 4.63. f is isometric of f*¢' = g.

an isometric map is an immersion

Remark 4.64. (M’,¢’) - Riemannian manifold
f:M — M’ - immersion

- define g := f*¢’

— this is a Riemannian metric on M

—f:(M,g) — (M, g") is isometric O

-Df:TM — f*TM’

- f*TM' ' =2TM @ TM*

— first summand identified via D f

— P: f*T'M’ — T M orthogonal projection
have already seen:

- can express Levi-Civita connection of M in terms of that of M’

Lemma 4.65. V = Pf*V’
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- V is tangential component of f*V’

what about the normal component

- define: N := (1 — P): f*TM’' — TM+ - projection on normal direction
- consider X,Y € X (M)

- NV4Y e (M, TM*)

Proposition 4.66. The map I : X(M) x X(M) — T'(M,TM*) given by (X,Y)
I(X,)Y) = —NVY is C*®-linear and symmetric.

Proof. - calculate at m € M

- extend here X, Y to vector fields in an open nbhd of f(m)

NV Y = fNVyY
NV (fY) = fNVLY + X(f)NY = fNV4Y since NY =0
for symmetry: NV4Y — NV{, X = N[X,Y] =0

O
hence get I € I'(M, S?’TM* @ TM™)
Definition 4.67. [ is called the second fundamental form of f.
Example 4.68. f: R! — R? canonical embedding
-get I =0 O

Example 4.69. f:5? — R3

- £ - out-pointing normal vector vector field

- trivializes (T'52)+

- calculate (I(X,Y),&)

- because of rot. invariance suffices to calculate it at northpole
- (I(X,Y),6) = =(VxY, )

— coordinates: (z,y) - projection to (x,y) -plane
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N B
7€(x7y) = (x,y, Vl_rz)

—extend Y to tangential field by Y — (Y, £)¢
— check: is 1 £

—(Vx (Y = (¥,£)€),8) = —X(V,§) = =V, V&)
— use here that Vx& L ¢ since £ is unit vector field

- (Vx€)(0,0) = (X, 0)
- hence I(X,Y) = (Y, X)

same calculation also shows for S C R”t!

- the second fundamental form satisfies (I(—, —),&) = ggn

(M,qg), (M',¢') - Riemannian manifolds

- f: M — M’ isometry

- consider geodesic v in M

- Question: Is f oy geodesic in M'?

-~ VoY =Voy —1(v,7)

Corollary 4.70. f o~ is a geodesic if and only of I(v',+') =0
Definition 4.71. f is called totally geodesic if I = 0.

Corollary 4.72. The following are equivalent:

1. If f is totally geodesic.
2. then f sends all geodesics in M to geodesics in M’.

Example 4.73. R" C R*"™™ is totally geodesic

S™ C R™*! is not totally geodesic
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Gauss equation expresses curvature of M in terms of curvature of M’
f: M — M’ isometric

- will write X for Tf(m)(X) and X € T,,M

I - second fundamental form

Theorem 4.74. For X,Y, Z W € T,, M we have
R(X7Y7 Z7 W) - R/(Xv}/qu W) - g/(I(Y7 Z)7I(X7 W)) - gI(I(X7 Z),I(K W))

Proof. VxVyZ =V VyZ +1(X,VyZ) =V VY Z + Vi I(Y, Z) + I(X,Vy Z)
g VXI(Y, 2),W) = =g (I(Y, Z), Vx W) = ¢ (I(Y, Z), (X, W))

- calculate with commuting vector fields which are parallel at the given point m

~ I(X,VyZ)(m) =0

9(R(X,Y)Z,W) = g(R'(X,Y)Z,W) + g (I(Y,2), (X, W)) = g'(I(X, Z), I(Y,W))

Example 4.75. calculation of curvature of S™

- have seen I = ¢£ for unit outward normal field &
-R'=0

get:

-R(X,)Y,Z, W) =(Y, Z) (X, W) — (X, Z){(Y, W)

— 8™ has constant sectional curvature 1
Ric=(n—1)g

- 8™ is Kinstein with A =n —1

R =n(n—1) - constant positive scalar curvature
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4.9 Conformal change of the metric

(M, g) - Riemannian manifold
fe =)
- e/ g - new metric

Definition 4.76. We call ¢’ := e/ g the conformal change of g by el .

Question: how does the Levi-Civita connection and the curvature change

prep:
- vector space V

- (€;); - base of V

- (€%); - dual base of V*

- consider V* @ End(V) 2V @ V*V

-peV*

- can consider:

~9R1:=¢Ridy =¢@e ®e

— o(X)(Y) = o(X)Y

~ = ®o®e

- o(X)(Y) = o(Y)X

—¢p =€ @ (ei,e)ef @ (9, 67)e; = ¢f @ e’ @ ¢ej)e;

- use symbol a for antisymmetrization (without 1/2) in X,Y and in the endormorphism
part

—a(U(X,Y)) :=UX,Y) - U(Y,X) - UX,Y)" + U, X)*

for h € C>*(M)

_dh € QY (M)

Definition 4.77. We define the gradient grad(h) € X(M) of h by

g(grad(h),—) =dh .
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locally in ONB (e;);:
- grad(h) = dh(e;)e;

locally in coordinates:
- grad(h) = ¢ 9;h0;
— g% is inverse to g;; = g(8;, ;)
Lemma 4.78. We have )
V =V + §(df ® 1+ dfy — dfy)

and
/ 1 1 2y % 1

R(X,Y)=R(X,Y) +a(§Vde®Y — §||df|| Yo X)+ ldf RY(f)X) .

Proof. recall formula for Levi-Civita connection

29(VxY,2) = Xg(Y,2)+Yg(X,Z) - Zg(X,Y)
—9([X, Z],Y) —g([Y, Z], X) + g([X, Y], Z)

replace g by efg get V/

29(VyY,Z) = 29(VxY,2) + X (f)g(Y, 2) + Y (f)9(X,Z) = Z(f)9(X,Y)
2(VY = VxY) = X(f)Y + Y (f)X — g(X,Y)grad(f)

Vi~ Vx =w

- with 2w = df ® 1+ dfy — df]

calculate R':

R =R+4+VAw+|wul

calculate with fields with vanishing commutator

(VAw)(X,)Y) = Vxw(Y) — Vyw(X)

(VA(df @ 1))(X,Y) = Vxdf(Y)1 = Vydf(X)1 = X(Y(f)) - Y(X(f)) =0
-use VI=0and [X,Y] =0
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(VAdR(X,Y) = Vx(df@Y)-(X V)
= Vxdf®Y +df @ VxY — (X & Y)
= Vxdf®Y — (X < Y)

- use torsion-free

(VAAHX)Y) = Vx(Y"®grad(f)) — (X < Y)

= VxY*®grad(f))+Y"* ® Vxgrad(f) — (X « Y)
f)

= Y"®Vxgrad(f) — (X < Y)
= (VAR (X, Y)
2(VAW)(X,Y) =a(Vxdf ®Y)
Aw(X),wY)] = (df ® X)o (df ®Y) + (X" @ grad(f)) o (Y @ grad(f)) — (df @ X) o (V" ® grad(f))

—(X*®@grad(f)) o (df ®Y) - (X SY)

= Y(f)df @ X + X(f)Y* @ grad(f) — ||df |*Y* ® X — (X, Y)df @ grad(f)
(X 5Y)

= adf @ Y())X - Y © X)

thus

R(X,Y) = BX.Y) +a(GVxdf @Y — L[dfIPY* © X + 1df @ Y()X)

- a means antisymmetrization (without 1/2) in X,Y and in the endormorphism part

- factor 1/8 instead of 1/4 correct! O
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Example 4.79. f = constant
V' =V
R’ = R for curvature tensor

but R'(X,Y,Z, W) =e/R(X,Y,Z, W)

- Rid’ = e fRic
-8 =e?8
-K=e¢'K

e.g. sphere S?~! of radius r is isometric to conformal change of unit sphere ¢’ = r2g

- sectional curvature of S, is r~2

Example 4.80. the upper half plane
-H:={(z,y) eR"I xR |y >0}

- metric: y*2geu

Definition 4.81. (H,y 2gey) is called the hyperbolic space.

Lemma 4.82. The hyperbolic space is complete and has constant sectional curvature —1.

Proof. -y~ %2 =ef

- [ =—2log(y)

-df = =2y~ 'dy

- L(Vxdf @Y) =y X dy®Y
Hidf (v @ X) =27y 2y @ X
S 1A @Y (H)X) =Yy 2y © X

V*RI(X,)Y,Z W) = X"Z"Y,W) - 27YY, Z{X, W) + Y"Z" (X, W) + (anti — symm)
- sum of first and third term is symmetric in X,Y

- get

YIR(X,Y, Z,W) = —((Y, Z)(X, W) — (X, Z)(Y, W)
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- R/(X? Y, Z, W) = _(gl(Yv Z)g/(X, W) - g/(X, Z)g'(Y, W))

— constant sectional curvature K = —1

show completeness:
Rt x R*"! acts by isometry: (A, 2)(x,y) = (A + 2, \y)
- this action is transitive

- the existence time for the unit speed geodesics on H has a uniform lower bound given by

the existence time at some base point

- H is geodesically complete

4.10 Lie groups

G - a Lie group
- Ad: G — Aut(g) - adjoint representation

- consider Ad-invariant invariant scalar products on g

Example 4.83. assume: G is compact

- then such a scalar product exists

- dg - normalized invariant volume

- fix any scalar product B on g

- define B(X,Y) := fGB(Ad(g)(X),Ad(g)(Y))dg

— B is Ad-invariant scalar product

Lemma 4.84. If g is simple, then B is unique up to normalization.

Proof. - B’ second Ad-invariant scalar product

- B'(X,Y) = B(AX,Y) for some symmetric A € End(g)
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- Ad-invariance of B, B’ implies: Ad(g)AAd(g~!)=Aforallge G
— differentiate: [adX, A] =0

- if A is not Al, then it has at least two eigenvalues

- A - eigenvalue

— g(\) C g proper eigensubspace

—is an ideal in g

— X eg(V)

— A(IY, X]) = Aad(Y)(X)) = ad(Y)(A(X)) = Aad(Y)(X) = A[Y, X]

— existence of proper ideal is contradiction to simpleness of g

call G simple if g is simple
- G compact, simple
- Killingform — B¢ is invariant and positive definite

- hence any invariant scalar product is multiple of —Bg

back to general situation

- for any scalar product B on g

— define Riemannian metric gg in G by left-invariant extension of B
~gp(h) = TL; B

— for left invariant fields X,Y € CX(G)

— gB(X,Y) = B(X(e), Y(€))

Corollary 4.85. (G, gp) is complete.

Proof. G acts transitively isometrically by isometries on (G, gp)
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if we assume that B is Ad-invariant, then can understand Riemannian geometry of (G, gp)

in a simple manner

Lemma 4.86. The following are equivalent:

1. The Riemannian metric g on G is left-and right invariant.

2. B = g(e) is Ad-invariant.

Proof. Exercise! O

Lemma 4.87. If B is Ad-invariant, then the Levi-Civita connection on (G, gg) is deter-
mined by VxY = 1[X,Y] for X,Y € CX(G).

Proof. show first: there is a unique connection V on T'G such that VxY = %[X , Y] for
X,Y € “X(G)

- have trivialization ® : TG = G X g

- X €T,G (9, TLy1(9)(X))

— this determines trivial connection Vi

-~ X € “X(G) goes to constant function with value X (e)

— this trivial connection satisfies for VxY = 0 for X,Y € “X(Q)
— consider w € QY(G,TG) defined by:

—w(X)(Y) = ITLy(e) (T Ly (9)(X), Ty (g) (V)

—ie. for X,Y € “X(G): w(X)(Y) = [X,Y]

— then V := V"V 4 1 is a connection

—- V satisfies the condition

—- uniqueness is clear since w is determined by condition

V is Levi-Civita:
- calculate with X,Y, Z € “X(G)
— torsion-free:

- VxY - VyX =X, Y] - 1Y, X] = [X,Y]
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— compatible with metric:
— Xg(Y,Z)=0
— 98(VxY,Z) + gp(Y,VxZ) = 3B([X(e),Y (¢)], Z(e)) + 3B(Y (¢), [X (e), Z(e)]) = 0

— 1t is here where we use invariance of B

Xeg
- interpret X € “X(G)

- get integral curve curve t — y(t) ;= exp(tX) in G

—y(t) :==exp((t + 5)X) = exp(tX) exp(sX) (one-parameter subgroup
Lemma 4.88. Assume that (G, gg) is defined with invariant B. The curve 7 is a geodesic

Proof. +/(t) = X (¥(t))
- VoY (t) = VX = VxunX = [X, X](7(t)) =0 O

conclude: exp = exp,
- exp: exponential map of G in the sense of Lie groups

- exp,: exponential map of G in the sense of Riemannian geometry

all geodesics are of the form

t — gexp(tX) for some ¢g in G and X in g

Corollary 4.89. A Lie subgroup H of G is a totally geodesic submanifold.

curvature:
R(X7 Y)Z - %([X7 [Y7 ZH - D/’ [Xv ZH - [[Xv Y]7Z]) = HX7 Y],Z]

by Jacobi
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RiC(X,W) = Zz‘gB(HXvei]vei]vW) = _ZigB([Xvei]v[VKei]) = Zz‘g([Wv [Xvei]vei) =
K(W, X)

— K is the Killing form
Corollary 4.90. If we choose B proportional to the Killing form, then (G, gp) is Finstein.

Remark 4.91. one could ask more generally: for which scalar products B on g is (G, gB)

Einstein

- there are many more examples (quite recent) O

4.11 Energy and more

(M, g) - Riemannian

- recall definitions of energy and length of a curve 7 : [0,a] — M
—E(y) = [y 90/ (t),7'(t))dt

—Uy) = Jy Ve (), 7 (1))dt

Cauchy-Schwarz: £(7)? < aE(y) (for any curve)

yim—m

- note: {(y) = d(m,m’) implies that ~ is geodesic

Lemma 4.92. Assume £(y) = d(m,m’). Then for any curve o : m — m' we have
E(v) < E(0) with equality iff o is a minimizing geodesic.

Proof. ~ is geodesic

- speed? g(y'(t),~'(t)) is constant

- speed d(m,m’)/a

~ E(y) =a-d(m,m")?/a®> = {(7)?/a

- aB(y) = (y)* < l(0)? < ak(o)

- if equality: £(c) = d(m,m’) and hence o is minimizing geodesic O
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Example 4.93. meridians from north to southpole on S? show:

- E(v) = E(0) does not imply v = o

already know: geodesics are precisely critical curves for £

- (7u)w variation of geodesic «y rel endpoints

-0= (&L)\u:OE('VU)

- we now consider second derivative of F(,)
~ variation field 7 (t) := Ou7vu(t)

— is a section of v*T'M

Lemma 4.94.

(0u)ju=0E (1) = —2/0 9(V*, V3" + R(y,A)y)dt

Proof.
= 2 [ g(Varll
0
= 2/(; Q(Vaﬂgﬁ;)dt

= —2/0 g(Vi, Va,s)dt

- use here V is torsion free for Vg v, = Vg, 74

- 7%(0) = 0 and ~4(a) = 0 for partial integration

apply (Ou)ju=o
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(PE()uce = —2( / 9(Vo, b Varr)dt)) o — 2 / 9(1%, Vo, Vorr)dt) o
= —2(/0 974, Vo, Vave)dt) u=o

= _2/0 Q(Wﬁa(vauvat7;)|u:0)dt

- use here ~q is geodesic to drop first summand

(Vo. Vo Yu)lu=o = Vo, (Vo Ve u=o + R, 7)Y = V3,44 + R(¥*, )y

- drop subscript 0 (for u-variable)

insert this formula - get result O

Remark 4.95. assume ~* is Jacobi field
- then (93 E(7u))ju=o = 0
- Hessian of E has a zero at ~y

- the existence of a Jacobi field which vanishes at the endpoints of the geodesic is a strong

condition

— the endpoints are called conjugate (will be discussed later) O

lower estimates of symmetric bilinear forms
- V real euclidean vector space

- B - symmetric bilinear form on V'

-ceR

—say: B > cif B(v,v) > c for every unit vector v in V'

- equivalently: write B(v,w) = (Av,w) for symmetric endomorphism A

— B > ¢ iff all eigenvalues of A are bounded below by ¢

(M, g) Riemannian manifold
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- Ric(m) is symmetric bilinear form on 7}, M

— condition Ric(m) > ¢ makes sense
- say: Ric > cif Ric(m) > ¢ for all m in M

recall definition of diameter of metric space (X,d): diam(X) = sup, ,cx d(z, ')

Theorem 4.96 (Bonnet-Myers). If (M, g) is complete and Ric > ¢ > 0, then M is compact
and diam(M) < my/ 21,
Proof. by contradiction

n—1
c

- assume that there exists m,m’ in M with £ :=d(m,m') >«
— chose minimizing geodesic v : [0,1] = M from m to m’
— this is possible by completeness assumption

— 7 is also energy minimizing

(€i)i=1,n parallel ONB ~v*T'M

- such that e, := %

— V;(t) := sin(mt)e;(t) section of v*T'M
— observe: V;(0) =0, V;(1) =0

insert in formula for second variation of energy formula
1
E;-’ = —2/0 q(Vj, Vj" + R(V;,v")y)dt

1
= 2 [ sin(etf (e - PO 0). en(0)i
0

sumover j=1,..., n—1
- use

> K (7(D)(ej(t), en(t)) = Ric(en(t), en(t)) = ¢ > B
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n—1

1 -1 2
S B < 2/ sin(rt)2((n — 1)7% — EQW)‘“ =0
=1 0

hence E;/ < 0 for at least one j
- can find variation of v which decreases energy

- contradiction to v being energy minimizing

Remark 4.97. the constant in Bonnet-Myers is optimal
- S} has diameter mr

- Ric = (n—1)r2

4.12 Coverings

M - a connected manifold

Definition 4.98. A covering of M is a fibre bundle M — M with discrete fibres.
can characterize coverings by the unique path lifting property

-7 : M — M a smooth map between manifolds

Lemma 4.99. The following are equivalent:

1. m: M — M 1is a covering.

2. w has the unique path lifting property saying: Given any bold diagram

{to} =8 A7

™

Sy
there exists a unique dotted arrow rendering the diagram commutative

Proof. sketch:
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1=2:

- M — M has a canonical flat connection T"M := T M
— (since TVm = 0 by discreteness of fibres)

- given bold diagram:

— 4™ is unique horizontal lift of v with (tg) = 7o

2=1:
-myg €M
— choose small ball mge BC M
— for m € B let v, : [0,1] — B be radial curve from mg to m
— define @ : B x M,,, — M local trivialization such that ®(b, 1) = 470(1)
O

Definition 4.100. M is simply connected if every connected covering M — M is an

isomorphism.

more facts about coverings:

Proposition 4.101. There exists a connected covering M — M such that M is simply

connected (it is called the universal covering).

Proof. idea of construction:

- fix point mg

— a point in M is a pair (m, [y]) where m € M, v : mg — m a curve, [y] - homotopy class
— M — M given by (m,[y]) = m

— define manifold structure such that this is local diffeomorphism

— check unique path lifting:

— if o is path in M starting in m

—- unique lift starting in (m, [y]) is t — (o(t), [o<et7])

show M 1is connected
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- (7(t), [v<t] is path from (mo, [const,,]) to (m, [v])

check M is simply connected

- M — M covering, connected

— must show that injective:

— assume 119, 77y, two points in fibre at (mg, [consty,,])
— chose path 4 from m — /

— 4 - path in M

— is closed loop at (mq, [constyy,,])

— is zero homotopic

—- this implies 1 =y, (it is at this point where the argument is sketchy since this fact

has not been shown above)

O]

Lemma 4.102. The universal covering has the following universal property: Given bold

part of the diagram
(= 0

e
covering
the dotted arrow exists and is unique making the diagram commutative.

Proof. existence:

-m in M

choose path ¢ : m — m/
- 0 - image in M
- & - unique lift in M starting in m

define ¢p(m') = 6(1)

- check continuity of ¢
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- uniqueness of ¢
- O

Corollary 4.103. The universal covering is uniquely determined up to isomorphism of

fibre bundle.

Definition 4.104. The group m1(M) of fibrewise diffeomorphisms of M is called the fun-
damental group of M.

Lemma 4.105. M — M is a my(M)-principal bundle.

Proof. must show: (M) acts simply transitively on fibres
- consider fibre over given point m

- g € m(M)

m EM over m

- apply universal property for M =DM
- if gm = m, then g = id by uniqueness clause

- can find g such that g(m) = 7/ by existence clause

(follows easily from universal property)

Remark 4.106. - the usual definition of w1 (M) is as the group of homotopy classes of
loops [o] in M at some base point mgy with concatenation
— right-action in the model by (m, [y])[o] = (m, [yto])

O

Corollary 4.107. If (M,g) is a complete Riemannian manifold with Ric > ¢ > 0, then
w1 (M) is finite.

Proof. - m: M — M is immersion

- § := m*g satisfies Ric > ¢ > 0

- (M, §) is also complete
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- hence M is compact by Bonnet-Myers
- 7 has finite fibres

- hence 71 (M) is finite O

Example 4.108. choose p, g a primes, different
- let C, act on C? by [n](21,22) = (627”%21,6 Tri%ZQ)
- this is isometric

- preserves S3 C 2

- acts freely on S°

Definition 4.109. The lense space L(p, q) is the quotient S3/Cp with respect to this action.

have covering S% — L(p, q)
- can choose metric on L(p, q) such that the covering is isometric
- then L(p, q) has constant sectional curvature 1

- $% — L(p, q) is the universal covering

- 71'1(L(P7 Q)) = Cp

Recall: (M, g)

- if M has K <0, then exp,, is diffeo near every point of 7;, M

Lemma 4.110. If (M,g) is complete and has K < 0, then exp,, : TrnM — M is a

covering.

Proof. we check unique path lifting property

- equip T,,, M with metric ¢’ := exp}, g

- radial curves t — tX are geodesics in this metric
— exist for all times

— (T;yM, ¢') is complete by Hopf-Rinow
v :[0,1] — M path
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- x € exp,,}(7(0)) start point for lift

— if lift of v exists, then it is unique (since exp,, is local diffeo)

— for some t > 0 there exists lift 4 on [0,¢) (again by local diffeo)
— let ¢ be maximal with this property

— want to show: ¢t =1

assume ¢ < 1

Syt

= (tn) = (1)

—d(7(0)),7(tn)) < £(3<t,,) = £(y<t, ) is uniformly bounded
— by compactness of balls of (T;,,M, g")

— get converging subsequence (t,) — x’
— consider lift & of v with ¢(¢) = 2/ near t
— same limit point as ¥

— exp,,, local diffeo near z’

—A=Ffort' <t

— 0 extends 4 to some times larger than ¢
—- contradiction to maximality of ¢

O

Corollary 4.111. If (M,g) is complete with K < 0, then the universal covering of M is
diffeomorphic to R™,

Example 4.112. 7™ = R"/7Z" (this is the universal covering of the torus)

-has K =0

- T = R” O
Example 4.113. - here many examples of compact quotients of the hyperbolic space

- these are compact Riemannian manifolds with constant negative sectional curvature
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4.13 Conjugate points

(M, g) - Riemannian manifold
v : I — M geodesic

p,q €l

Definition 4.114. The pair of points p,q is called conjugate if there exists a non-zero
Jacobi field along v with J(p) =0 = J(q).

Remark 4.115. if p, g is conjugate, and ~(t) = exp,,((t — p)X), then T exp,,((¢ — p)X)

is not an isomorphism O

Remark 4.116. in the condition for conjugate points can assume that J 1 ~/
- n = dim(M)

- can decompose space of Jacobi fields into 2-dim subspaces of Jacobifields parallel to 7/

and 2n — 2-dim subspace of fields orthogonal to +/

— this is because of g(J(t),7'(t)) = g(J(p),7'(p)) + (t — p)g(Va,J (p), 7' (P))
—if J ~ 4/ then:

—if J(p) =0, Vo, J(p) ~ 7' (p)

~9(J (1), (1)) = (t = p)g(Va,J(p),7'(p)) non-zero linear

— J has no zero other than p

Jacobi fields with two zeros are orthgonoal to +/

consider manifold (M, g), (M, §)

- dim(M) > dim M

y:[0,a] = M , 7 :[0,a] = M geodesics
Y@ = 3(8)] - same velocity

J Jacobi along 7, J Jacobi along v

write ViJ = J' etc

152



Theorem 4.117 (Rauch Comparison). Assume:

2. g(J'(0),7'(0)) = §(J'(0),4(0))
3. 1.70)| = [|1.7(0)]

4. 4 has no conjugate point on (0, a]

5. for all't € [0,a] and planes H C T, ;yM containing +'(t) and HC T&(t)]\;f containing

7' (t) we have K(H) < K(H) (sectional curvature).
Then ||J|| < ||J|| with equality at some t only if K(J(s),%(s)) =
s € [0,t].
Example 4.118. assume: (M, g) has constant section curvature K
- v geodesic of speed ||/ (t)]| = v
- R(X,Y, Z,W) = K(g(Y, Z)g(X, W) — g(X, Z)g(Y, W))
— implies with J 1 +/
~ R(y,J)Y = —Kv*J
— conclude: J" = R(y/,J)y = —Kv?J
—for K >0
— J(t) = J(0) cos(vKuvt)J(0) + ﬁ sin(v/ Kvt).J'(0)

discuss conjugate points:
J(0)=0

J(g) =0, J'(0) # 0

then sin(vKvq) = 0

- smallest ¢:

o . . . . 2771-
distance between conjugate points is NG

K(J(s),7'(s)) for all



(M, g) general

Corollary 4.119. If M has upper sectional curvature bound k > 0, then the distance

between any two conjugate points on a geodesic with speed v bounded below by UQ—\;E

Example 4.120. If M has non-positive curvature than v has no pairs of conjugate points.
]

the following prepares the proof:

v :[0,a] curve in (M, g)
-V el (M,v*TM)
-t €]0,d]
— define index form by:

t

I(V) = /0 (V' ($)II* + R(Y(5), V(s5),7(5), V(5))) ds

v : [0, a] geodesic in (M, g)
- no conjugate points in (0, a]
- J - Jacobi along v, J L
-Vel(M,v*TM),V L~
Lemma 4.121. Jacobi-fields minimize index form for fields L ~' with given boundary

values: If J is a Jacobi field along v with J(0) = V(0) = 0 and J(t) = V(t), then
I(J) < (V) with equality only if V = J.

Proof. choose basis (J;)i=1,..n—1 of Jacobi fields along v with J;(0) =0 J; L+

- J =), a;J; for constants (a;);
-V = Zz fidi, (fi)i real-valued functions

— note: f; is smooth at t =0
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IV + RO\ Voo, V) = g(Z(f;JZ-+f,~J;>,Z<f;Jj+fjJ;->>—R(v’,zfiJi,v',ijJ»

J
= g(Zf’Ji,Zf’J- +g Zsz,ijJ’ )+49 Zfz ZfJ
+ 9O fid] ngJ’ +g Zfz»J{’,ij i)
[ ] i

g~ FT YT = ZfZJZ,Zf]J’ )+ g( Zfz ijJ’ )+ g( ZfiJi,Zf;-J;)
i J : ] J
ZfZJZ,ZfJJ”
substract:

IVl + RO, VA" V) = 9> fidin Y 135) (4)

i J

= 9O KT 1T +90 T FT5) - Zfsz,Zf J5)
[ i % i

will show: the last two terms cancel

- follows from (g(J/, J;) — g(Ji, J;))(t) =0

(2] J
- have (g(J;, J;) — 9(Ji, J7))(0) = 0
(9(J;, J;) — 9(Ji, 7)) = (g(J]s J3) + g(Ji J7) — 9(J;, J;) — g(Ji, J)
= R(fy/yj’iaf}/v‘]]) R(fyaJ]v’y:Ji)

= 0

- hence g(3_; fidi, 325 fid5) — 932, fidis 325 f35) =0

integrate from O to t
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L(V) = g(V(8), 325 f3750) + Jo | 3 f17il|*ds
Ii(J) = g(J (1), 22 a; J;(1))

V(t) = J(t) implies a; = fi(t)
(V) = L(J) = [y I £

this implies both assertions

Proof of Rauch. J=J+a& J"
J=JtaJ"

17T =TT O) + ¢l (0l
17T = 17T () + ¢l T (o)l
hence [|J 7| = [T 7|

consider now length of orthogonal component
-assume J L~ J L7
-J#0

-set v = ||J|, ¥ := ||]]|

— ¥ has no zero on (0,a] (by absense of conjugate points assumption)

I"Hospital

o"(t) _ IO _
T = o) oL

)
- use v”(0) = g(J"(0), J(0)) + 2||J'(0)]|*> and J'(0) # 0 (since J # 0)

limy o % = limy

will show (ggg)’ >0
equivalently: v'o > vt
- this implies assertion

fix ¢
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- if v(t) = 0, then v'(t) = 2¢(J'(t), J(t)) =0
- inequality holds

— similarly if o(t) =0

assume v(t) # 0, 0(t) #
_set U(s) := g 0( ) = 38
v 29(J'(1), J(2))
v(t) v(t)?
= 29(U'(1),U(1))
= (lU)?
= [y
0
= 2/0(|U'(8)|2+R(V'(S),U(S)W'(S)’U(S)))ds
= 2L(U)
analoguous

%(7(;)) =21,(U)

must show

L(U) < L,(U)

choose parallel basis (€;)i=1,..n of YT M
choose parallel basis (€;)i=1,... 5 of ¥*T'M
such that

-7(t) = 1Y llex, 7' (2) = [17lléx

- ea(t) = U(t), &(t) = U(t)

this gives isometric and parallel map

- ¢ :T([0,a],y*TM) — T([0, a), ¥*T M)
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—e—é€,i=1,...,n

have I;(U) < It(¢(U)) (by curvature inequality)
apply Lemma [4.121

I;(U) < Ii(o(U)) < I(U)

this gives estimate:

for equality:

17Ol = 17l

- then v/(s)0 = v(s)?'(s) for all s € [0, ]
- 1(0) = Li(6(U)

- hence ¢(U) is Jacobi field

- compare initial condition and value at t: ¢p(U) = U

- K(7(s), J(s)) = K(7/(5), J ()
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